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Significant  progress  is  made  towards  the  completion  of  the  ONR 
contract  during  the  period  June  1,  1972  through  March  31,  1973. 

Professors  D.  K.  Ray-Chaudhuri  and  T.  A.  Dowling,  Dr.  Xavier  Hubaut, 

Dr.  R.  P.  Gupta,  Mr.  Paul  Catlin,  Mr.  Michael  E.  Segal  and  Mrs.  Joan 
Smoot  made  research  contributions  in  the  fields  of  Information  Retrieval, 
Combinatorial  Geometries,  Combinatorial  Designs,  Graph  Theory,  Coding 
Theory,  and  the  Theory  of  Association  Schemes. 

Professor  D.  K.  Ray-Chaudhuri  worked  on  the  problem  of  construction 
of  "locally  structured  information  retrieval  systems".  In  most  files, 
most  of  the  documents  (or  items ) possess  only  a small  fraction  of  the 
attributes . The  philosophy  of  local  structuring  is  to  take  advantage 
of  this  fact.  Local  structuring  partitions  a large  file  into  several 
small  files  such  that  to  retrieve  the  items  for  a given  query  it  will 
be  necessary  to  search  only  a few  of  these  small  files.  Construction 
of  local  structuring  is  based  on  (n,k,t,b)  - combinatorial  configura- 
tions . Several  families  of  such  configurations  are  constructed  and 
their  applications  are  being  developed.  A paper  on  these  results  is 
under  preparation. 

During  the  summer,  1972,  a working  seminar  on  Hyper graphs  was  held 
at  The  Ohio  State  University  under  the  leadership  of  Professors 
Claude  E.  Berge  and  D.  K.  Ray-Chaudhuri.  Professor  Ray-Chaudhuri  will 
be  one  of  the  editors  of  the  Proce«.  's  of  the  Hypergraph  Conference 
to  be  published  by  Springer -Verlr 

Professor  D.  K.  Ray-Chaudhurx  w invited  to  present  papers  in  the 

following  International  meetings 

1.  International  Conference  on  Combinatorics  and  Its  Application, 
New  Delhi,  December  22-24,  1972 

2.  Conference  on  Combinatorics,  Oberwolfach,  W.  Germany, 

March  25-31,  1973. 

3.  International  Conference  on  Combinatorics  organized  by  the 
Bolyai  Janos  Mathematical  Society  in  honor  of  the  60th 
birthday  of  Paul  Erd'os,  Budapest,  June  25-30,  1973 

4.  International  Colloquium  on  Combinatorial  Theory  organized 
by  the  American  Mathematical  Society  and  the  Academia 
Nazionale  dei  Lincei,  Rome,  September  3-15 > 1973 

5.  Combinatorics  Colloquium  at  the  University  of  Waterloo, 

Ontario,  Canada,  March  18-25,  1973* 

Professor  Ray-Chaudhuri  will  publish  papers  in  the  proceedings  of  the 
Budapest  Conference  and  the  Rctne  Conference. 
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Professor  T.  A.  Dowling,  jointly  with  Professor  R.  M.  Wilson  proved 
the  following  theorems  for  geometric  lattices:  Let  L be  a finite 
geometric  lattice  of  rank  r with  n points.  For  k = 0,1,... r,  let  Wfc(L) 
denote  the  number  of  elements  of  rank  k in  L.  Then 

wk(L)  > (k  I l)(n  - r)  + (k)  j 

Equality  holds  for  some  k,  2<k<r-2if  and  only  if  L is  a direct 
product  of  a modular  plane  and  a Boolean  algebra.  Also  for  1 < k < r - 2, 

Wj.  + W2  + . . . + Wfc  < Wr_k  + Wr_k+1  + . . . + Wr_!  with  equality  if  and 
only  if  L is  modular.  The  work  of  Professor  Dowling  was  supported  by 
the  ONR  con- .r act.  Two  papers  on  this  work  are  under  preparation. 

Dr.  Xa^'ier  Hubaut,  jointly  with  Dr.  Wilson  discovered  two  infinite 
families  of  symmetric  2-designs.  The  parameters  of  these  designs  are 

i.  v = q(qn  - 1)  + 1,  k = q11,  X = qn_1, 

where  q and  q - 1 are  prime  powers ; 

and 

ii.  v = 2q  + 1,  k = q,  A = i(q  - 1) 
where  q is  a prime  power. 


These  designs  provide  optimum  experimental  plans.  Dr.  Hubaut  is  working 
as  a research  associate  for  the  ONR  contract. 

Mr.  Michael  E.  Segal  wrote  an  excellent  Master's  thesis,  "Upper 
and  Lower  Bounds  for  Unrestricted  Binary  Error  Correcting  Codes".  His 
exposition  of  coding  theory  will  be  very  valuable  to  anyone  working  on 
the  subject  of  coding  theory.  Mr.  Segal's  work  was  partially  supported 
by  the  ONR  contract. 

Mr.  Pavl  Catlin  made  important  contributions  to  graph  theory. 

Mr.  Catlin  vas  supported  as  a graduate  research  associate  by  the  ONR 
contract.  Hr.  Catlin  proved  the  following  theorems. 


Theorem:  Let  G(l,X)  and  H(J,Y)  be  bipartite  graphs  with  |l|  = |j[ 
and  |x|  = 111.  Let 


Suppose  there  exist  real  numbers  s and  t satisfying 


(1  - s ) | X | < Min  deg^  x^(i) 


i ‘ I » 


(1  - t ) 1 1 1 < Min  degG^  X^(x)  , x.  X , 


d(s | X | + t|l|)  < [Xf . 

Then  H(j,Y)  is  isomorphic  to  a subgraph  of  G(l,X). 

Theorem:  Let  G and  H be  simple  graphs  on  p vertices  and  let  d 
denote  the  maximum  degree  of  vertices  of  H . If 


degG(v)  > p(l  - 2d( JTl))  ~ 1 


for  every  vertex  v of  G,  then  G has  a subgraph  isomorphic  to  H. 

Mr.  Catlin  also  obtained  theorems  about  the  number  of  1-factors 
of  n-  connected  graphs.  Mr.  Catlin' s theorems  are  simple  and  elegant 
and  surely  will  find  applications . 

Dr.  R.  P.  Gupta  is  working  as  a research  associate  for  the  ONR 
contract . He  proved  the  following  beautiful  theorem  about  Hypergraphs . 

Theorem:  Let  H be  a balanced  hypergraph.  Then  Vk  > 0,  3 a 
k-coloration 

o-jV(h),  a:  X = Xx  U X2  U . . . U Xk 

such  that  v(E,cr)  = MinCkjjEl)  for  all  edge  E of  the  hypergraph.  Here 
v(E,0)  denotes  the  number  of  integer  i for  which  1 < i < k and 
|E  n X | > 0. 

A paper  is  being  written  by  Dr.  R.  P.  Gupta. 

Joan  E.  Smoot  wrote  a Master's  thesis  on  three-class  association 
schemes.  Association  schemes  arise  in  the  theory  of  Combinatorial 
Design.  Joan  Smoot  obtained  an  economical  description  of  the  parameters 
of  the  three  class  association  schemes.  Her  work  was  partially  supported 
by  the  ONR  contract. 
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1.  Introduction.  Throughout  this  thesis,  all 
graphs  considered  are  finite  and  simple.  Given  a 
graph  G,  the  degree  of  a vertex  v In  G Is  denoted 
degG(v).  The  notation  G(I,X)  denotes  a bipartite 
graph  with  an  ordered  partition  of  the  vertex  set 
Into  sets  I and  X.  Likewise,  H(J,Y)  Is  a bipartite 
graph  with  vertices  partitioned  Into  sets  J and  Y. 
The  vertex  set  of  a graph  G Is  denoted  V(G),  and 
Its  cardinality  Is  denoted  p.  The  cardinality  of 
a set  S Is  denoted  |S| . We  say  that  the  graph  H 
can  be  embedded  Into  the  graph  G If  there  Is  an 
Injection  : V(H)  — »V(G)  such  that  If  v and  w are 
adjacent  in  H then  'f(v)  and  ^(w)  are  adjacent  in 
G.  However,  In  the  case  of  bipartite  graphs,  we 
say  that  a graph  H(J,Y)  can  be  embedded  in  G(I,X) 

if  there  are  Injections  n:  J *-I  and  V:  Y — *-X 

such  that  if  J f J and  y ( Y are  adjacent  In  H( J,Y) , 
then  tt  ( J ) and  ^(y)  are  adjacent  In  G(I,X). 

In  the  next  section  we  state  results  from 
transversal  theory  which  will  be  used. 

In  section  3.  we  apply  a theorem  of  Hado  from 
transversal  theory  to  give  a sufficient  condition 

for  an  arbitrary  bijection  n:  J *1  to  be  extended 

to  an  embedding  of  H(J,Y)  Into  G(I,X).  We  show  that 
our  result  Is  best  possible. 


In  section  4,  we  apply  the  result  of  section 
3 to  show  that  for  any  graphs  G and  H there  Is  a 
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constant  c^  < 1 , depending  only  \ pon 

d = max  degu(v), 
veV(H)  H 

such  that  If  degG(v)  £ cdp  - 1 for  all  vf  V(G), 
then  H can  be  embedded  Into  G.  For  certain  graphs 
H with  d = 2,  this  constant  is  7/8.  The  constants 
are  not  best  possible. 

I.  Anderson  [1]  has  given  an  elegant  proof  of 
Tutte's  Theorem  [10]  characterizing  graphs  with 
1-factors  (spanning  regular  subgraphs  of  degree  1) 
using  the  well-known  theorem  of  P.  Hall  [6],  stated 
below,  from  transversal  theory.  Using  a stronger 
theorem  of  M, Hall  [5J»  in  section  5 we  shall  derive 
some  lower  bounds  on  the  number  of  1-factors  In  a 
graph. 

Finally,  In  section  6,  we  apply  the  same  theorems 
of  transversal  theory  to  problems  concerning  2-factors 
(spanning  regular  subgraphs  of  degree  2).  In  parti- 
cular, we  use  P.  Hall's  theorem  to  improve  a theorem 
of  Petersen  [8]  characterizing  graphs  which  are  the 


edge-dls  Joint  unions  of  2-factor/. 


erence,  one  may  use  Mlrsky's  book  [7]  for  the  results 

of  this  section.  The  first  two  theorems  nre  used 

In  sections  5 nnd  6.  Let  Z = {l,2, . . . ,m} . 

m 

Theorem  1 (P.  Kali  [6j)  Given  a family  CK  - 

(A.:  Z ) of  subsets  of  a set  X,  a necessary  and 

lra 

sufficient  condition  that  a system  of  distinct 

representatives  (SDR's)  {x. \ of  the  sets 

1 i c m 

of  Oi  exist,  where  for  all  1,  is  that  for 

any  subset  I*  of  Z , 


Theorem  2 (M.  Hall  [5])  Given  the  notation 

of  Theorem  1,  If  I A. ) > n for  all  le  Z , where 

l m 

m £ n,  end  If  there  Is  an  SDR  of  CH , then  there  are 

at  least  n!  different  SDR's. 

Throughout  the  rest  of  this  section  and  In 

sections  3 and  4,  lower  case  letters  l,J,x,y  will 

be  used  to  denote  vertices  of  the  bipartite  graphs 

G(  I , X)  and  H(J,Y) , with  l€  I,  jU,  x e X,  y * Y. 

Let  X^  denote  the  set  of  vertices  of  X adjacent  to 

the  vertex  lei.  Likewise,  let  I , Y,  and  J have 

x j y 

similar  meanings.  For  I'  SI,  write 

0 X.  = X*( I'  ) 

lei'  1 


and 
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U X,  = X(I'). 

It  I ' 1 

A similar  convention  holds  for  Y*(J'),  etc.  Let 
denote  the  family  of  subsets  J'  of  J for  which 
Y[J']  = Y*  ( J ' ) \ Y(  J\ J ' ) 

Is  nonempty.  These  sets  Y[J']  are  the  boolean  atoms 
generated  by  (Y^:  J f J)  (see  p.  14  of  [7]).  The 
family  (Y[J'J  : J*  e ^ ) Is  a partition  of  Y Into  r 
nonempty  subsets  Y[J'j,  for  some  r $ n. 

We  can  state  a result  of  Rado  £9] , which  Is 
analogous  to  P.  Hall’s  Theorem,  as  follows: 

Theorem  3 (Rado)  Let  G(I,X)  and  H(J,Y)  be  bi- 
partite graDhs  wlthlll  = |J|,  IXI  £ !Y|  . Let 
(X^:  1 t I)  and  (Yj:  J 6 J)  and  be  as  defined  above. 

Let  tt:  J *-1  be  a bljectlon.  A necessary  and 

sufficient  condition  that  there  exist  an  injection 
H7:  Y — ►X  such  that  tt  and  V define  an  embedding  of 
H(J,Y)  Into  G(I,X)  is  that  for  any  nonempty  subfami- 
ly of  °&, 

(2.1)  | (J  X* ( nJ ' ) I ^ I U Y* ( J ' ) I . 

Our  statement  or  Hado's  Theorem  Is  more  like 


the  formulation  In  Mirsky’s  book  [7]  than  the  state- 
ment In  Rado's  paper.  As  stated  In  Mlrsky's  book, 
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f 


however,  (2.1)  must  hold  for  any  family  of  subsets 
J'  of  J,  not  necessarily  all  In  *b.  However,  since 
Y^J']  Is  empty  when  J'  Is  not  In  It  Is  easy  to 
see  from  the  proof  In  ? that  we  only  need  to  con- 
sider J'«  cP". 
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3.  Subgraphs  of  bipartite  graphs.  It  would 
be  of  Interest  to  know  a condition  for  a bipartite 
graph  H(J,Y)  to  be  a subgraph  of  another  bipartite 
graph  G(I,X).  Theorem  3 provides  a means  of  exten- 
ding, If  possible,  a bljectlon  tt:  J- — *1  to  an  em- 
bedding of  H(J,Y)  into  G(I,X).  We  shall  prove  the 


following: 

Theorem  4 Let  G(I,X)  and  H(J,Y)  be  bipartite 
graphs  with  III  = |J|,  |X|  £ I Y I . and  let 

0a)  d ’ v“"y  deSH(J.I>(,,)- 
Let  s and  t be  the  real  numbers  satisfying 

(3.2)  (l-s)IXI  = min  deg^  j X)(l) 

and 


(3.3)  (l-t)ill  =•  ml n deg^j  Xj(x) 

x<  X 


If  also, 


(3.4)  d( s I X I + till)  $ IXI, 
then  H(J,Y)  can  be  embedded  Into  G(I,X).  Moreover, 
for  any  bljectlon  tt:  J — *-1,  there  Is  an  Injection 
¥:  Y — -*-X  such  that  tt  and  ¥ define  such  an  embedding. 

Proof : It  suffices  to  prove  the  latter  conclu- 

sion, which  Implies  the  former.  By  Theorem  3.  It 
suffices  to  prove  (2;1)  for  any  subfamily  of  V. 
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By  (3.1) , for  all  Jt  J, 

(3.5)  Hfjl  £ d, 

and  for  any  y Y, 

(3.6) .  IJy|  * d. 

For  any  J' t 

(3.7)  U’l  $ d, 

by  (3.6)  and  the  definition  of  Since  J'  * 

Y[J'l  end  Y*(J')  are  nonempty. 

Let  V be  a fixed  subset  of  Let  R be  a 

minimum  subset  of  J such  that  R ~ J ' is  nonempty  for 

all  sets  J'  In  . Every  point  In  U Y*(J’) 

J**  V' 

lies  In  Yj  for  some  J t R,  so  by  (3*5). 

(3.8)  |UY#(J')I  * | VJ  Y . | $ |R|max(|Y  |) 

V JtR  J i J 

£ IRIcl. 

Case  I:  Suppose 

(3.9)  l R|  > tUI. 

Assume  that  xfcX  exists  such  that  x4x*(nJ')  for 
any  J'  In  TF  • . By  (3.3) . 

Uxl  £ (l-t)III, 
so 

(3.10)  II  - Ixl  £ till. 

Now,  x^X*(ttJ')  for  any  J'  «•  tF'  Implies  that 
(I  - Ix)  **  nJ*  Is  nonempty  for  any  J'  « * . Since 

n Is  a bljectlon,  this  Implies  tt”1  ( I - 1^)  ~ J * Is 
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nonempty  for  any  J'  «■  ' . Thin  In  the  property 

by  which  R In  defined,  so  by  (3*10), 

I HI  S U“1(I  - Ix)l  ^ till  = tlJI, 
contradicting  (3.9).  Hence,  the  assumption 
x $ X* ( "J ' ) for  any  J • t V*  Is  false  and  so  x e X*  (ttJ  • ) 
for  some  Since  xtX  is  arbitrary, 

1U  X* (nJ ' ) | = \Xl  £ |Y|  £ l(J**(J')l  . 

V'  $T' 

proving  (2.1)  In  this  case. 

Case  XX:  Suppose 

(3.11)  ) R I <c  t|J|  . 

By  (3.8)  a nd  (3.11), 

(3.12)  I(JY*(J')I  IRId^tdlJl. 

v' 

Let  J ** 6 ^ * . Then,  by  (3*6),  X*(nJ”)  Is  the  Inter- 
section of  |nj"|  s IJ''I  $ d sets  X1  (l«rrJ")t  each 
covering  all  but  at  most  slXI  vertices  of  X.  Hence, 
X*(rrJ”)  covers  all  but  at  most  sd|X|  vertices  of  X. 

By  the  Inequality  (3.4)  and  by  (3.12), 

I U X* ( ttJ ' ) | £ )X*(nJ")|  £ |X|  - sdlXl 
V* 

$ td  1 1 1 = td  | J I ^ HJ  Y*(J')I  , 

"kF' 

proving  (2.1).  Since  (2.1)  holds  In  either  case, 
this  theorem  follows  from  Theorem  3« 


■ - - 
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Corollary  Let  G(I,X)  and  H(J,Y)  be  bipartite 
graphs  with  III  = |JI  = )X | ^ IY|,  and  suppose  that 

d = max  deg„, T Y, (v) . 
v«J~Y 
If 

“Ids'll  * degG(I,X)(v) 

for  every  vertex  v c I * X,  then  the  conclusions  of 
Theorem  4 hold. 

Proof : The  hypothesis  of  the  corollary  Implies 
s,t  ^ l/2d  In  (3.2)  and  (3.3).  Such  values  satisfy 
(3.4),  so  we  can  apply  Theorem  4. 

The  minimum  degree  sequence  required  to  obtain 
the  conclusions  of  Theorem  4 may  be  relaxed  a bit 
from  the  reoulrements  of  our  result.  However,  In 
a certain  sense.  Theorem  4 Is  best  possible. 

Let  I,  X,  d ^ 1 be  given.  In  showing  that 
Theorem  4 Is  best  possible,  we  may  assume  without 
loss  of  generality  since  nIXl  Is  Integral  that  (s,t) 
violates  (3.4),  but  that  (s-^|,t)  satisfies  (3.4) 
when  substituted  for  s and  t.  Using  such  values  of 
s and  t,  we  shall  construct  bipartite  graphs  G(I,X) 
nnd  H(J,Y)  satisfying  (3.1),  (3.2),  and  (3.3)  hut 
violating  the  conclusions  of  Theorem  4. 

In  our  construction  we  assume  that  |X|  = |Y|  nnd 
(3.13)  dt  $ 1. 


This  Is  not  nlwnyr?  true,  but  it  in  If  |I|  ^ IX I and 
s / 0.  Then 


s I X I ^ 1, 

nnd  If  dt  > 1,  we  obtain  a contradiction: 

d((s-pi)IXI  + till)  ;>  dtUI  > |I|  :>  i X I . 

If  ds  > 1,  then  ds  exceeds  1 by  a positive 
multiple  of |^|  t so 

d(s  -l^j)  = ds  £ 1 + -jxT  * 

Hence, 

d ( s )IXI  + dtlll  £ 1X1  ♦ 1 - d ♦ dtlll 

^ IX I + 1 > IX|  , 

whence  (s  -|£|.  t)  violates  (3.4),  again  contrary  to 
our  earlier  assumption.  Therefore, 

(3-14)  ds  ^ 1. 

Let  G(I,X)  be  a bipartite  graph  satisfying: 

Gl:  vi,V2 ^d  nre  subsets  °f  x such  th't 

(3.15)  I V jJ  = (l-s)lXl 

and 

(3.16)  V^Vj  r,  X 

for  any  distinct  1,J  $ d.  Let  VQ  denote  X. 

G2:  I Is  partitioned  Into  nets  ,W^ , . . . , , 

with 

(3.17)  IWJ  = |W2I  = ...  = IWdl  = till. 


G3:  For  1 = 0,1, each  vertex  of  Is 

adjacent  to  every  vertex  of  and  to  no  others. 
First,  we  note  that  such  a graph  G(I,X)  exists. 


By  (3.14),  both  (3.15)  end  (3.16)  hold  for  some  choice 
of  sets  ( V ^ : 1=1,. ..,d),  and  by  (3.13).  (3-1?)  holds 
for  some  partition. 

Note  that  W, ,W_ W,  contain  vertices  of  de- 

1 £.  d 

gree  (l-s)IXI,  by  (G3)  and  (Gl),  ond  so  (3-2)  holds. 

A vertex  of  X \ Vj  lies,  by  (3.16),  In  for  all 
1 $ J,  so  by  (G3),  x Is  adjacent  to  exactly  those 
members  of  I not  In  W^.  Since  their  number,  by  (3.1?). 
Is  (l-t)III,  (3*3)  holds.  Vertices  In  WQ  or 
V^''  ...  * are  adjacent  to  all  vertices  on  the 
opooslte  side  of  the  blpartltlon.  By  Inclusion  and 
exclusion  and  (Gl), 

(3.18)  IV^  ...''Vdl  = IXI  - sdIXI. 

Let  H(J,Y)  be  a graph  of  maximum  degree  d defined 
as  follows:  let  IJI  = III,  |YI  = IXI.  Let 

(UQ Ud)  be  a partition  of  J such  that  there  Is 

a bljectlon  n:  J — ► I with 

n(U1)  = W1  (1  = 0,1 d). 

Let  the  components  of  H(J,Y)  Include  IW^I  components 
Isomorphic  to  the  complete  bipartite  graph  Kd  d and 
each  having  a vertex  In  for  1 = l,2,...,d.  The 
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components  induced  by  nnd  remaining  vertices  of 

Y may  be  nny  bipartite  grnph  with  decree  at  most  d. 

Thu.a,  there  Is  n set,  say  Y',  of 
lU^I  ♦ . . . ♦ lU^I  vertices  ye  Y which  ere  adjacent 
to  a member  of  each  of  ,U2 , . . . , . Hence,  If 

V exists  as  In  Theorem  4,  then  'f(y)  must  be  ad- 
jacent to  a vertex  of  each  of  n(U1)  = (1=1, ...,d) 

for  all  ytY1.  This  Implies 

(3.19)  *(Y»  ) * V1"  ...  ~Vd, 

by  (G3)  and  the  fact  that,  (W.:  1 = 0,1,..., d)  is  a 
partition.  But 

IYM  = I U 1(  = 1 W 1 1 = tdlll 

> 1X1  - sd  IX  l = ...  -VI 

by  (3.17).  the  fact  that  (3.*+)  13  assumed  violated, 
and  (3.18).  This  contradicts  (3.19) . so  H*  cannot 
exist,  and  the  conclusion  of  Theorem  4 cannot  hold. 


4.  Subgraphs  of  simple  sraph,^.  In  this  sec- 
tion we  consider  the  problem  of  giving  a nontrivial 
sufficient  condition  for  b graph  to  be  embedded  In 
nnother  grnph.  We  shnll  use  Theorem  4 of  the  pre- 
vious section. 

Theorem  5 Let  G and  H be  graphs  on  p vertices, 
and  let  d denote  the  maximum  degree  of  vertices  of 
H.  If 

(4.D  degG(V)  ^ p(i  - 2ddbr)  " 1 

for  every  vertex  v of  G,  then  H can  be  embedded  In  G. 

Proof : Let  G and  H be  graphs  satisfying  the 

hypothesis  of  the  theorem. 

Denote  H by  H^#  and  let  denote  a maximal 
set  of  mutually  nonadjacent  vertices.  Let  = 

V(H^)  \ Sd,  and  define  Hd  ^ = HdtTd) , where  HCWl  de- 
notes the  subgraph  of  H generated  by  W£V(H). 
Recursively,  let 

(4.2)  Hk_l=H[Tk],  (k  * d.d-l m+1 ) , 

where 

(4.3)  SR  = V(Hk)STk  (k  = d.d-1 m) 

Is  a fixed  maximal  set  of  Independent  vertices  of  Hk> 

and  where  k = m Is  the  largest  Integer  for  which  Hk 

has  no  edges.  Clearly,  H,  .,  ...  , H are  dependent 

ci — i ra 

upon  the  choice  of  S ^ However,  since 

(Sk:  k = m+1,  ...  , d)  Is  to  be  fixed  throughout 
this  proof,  this  presents  no  problem. 
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Since  Is  n maximal  set  of  1 nd ependent  vertices 


of  Hk. 


(4.4)  deg..  (v)  > deg  (v) 

Hk  Hk-1 

for  nil  v f V(H,  , ).  Therefore,  ra  ^ 0 nnd 


(4.  5)  deg,,  (v)  ^ k 
k 

We  now  prove 


( It  — hi  j * » * , d ) # 


(4.6)  IV(Hr)|  <:  ISkl(k+l)  (k  = ra d). 

Each  vertex  of 

Tk  = V(1ik)VSk 

Is  adjacent  to  a vertex  of  Sk . By  (4.5),  each  vertex 
of  Sk  Is  adjacent  to  at  most  k vertices  In  whence 


end  so 


,Tkl  S k|Skl . 


IV(H.  )l  = IT.  I + IS.  I < k IS.  I + IS.  I, 


which  proves  (4.6). 

Now  by  (4.2),  (4.6),  and  (4.3),  we  have 

1 V<Hk_i )l  ♦ IV(Hk)l/(k+l)  $ ITkl  4 ISkl 


= IV(Hr)I. 


Therefore, 


whence 


(4.7)  iv(Hk)i  * aJriv(Hd)i 


k+l 

d4l  P 


(k  =r  m , . . . , d ) . 
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The  graph  Hm*  having  no  edges,  can  be  embedded 
In  G.  Let  this  be  n basis  for  induction. 

By  the  Induction  hypothesis,  for  k = m,...,d+l, 
there  Is  an  embedding  n^:  V(Hk) *V(G).  Define 


Ik  = "ktV(HK)l  . 


and  define 


(4.8)  Xk  ^ V(G)  \Ik. 

Then  (4.7)  becomes 

(4.9)  IXkl  = p - \V(Hk)l  * p(l  - jg£) 

= P ^ — m, . . . ,d-l ) . 

Let  G(Ik,Xk)  denote  the  bipartite  graph  obtained 
from  G by  removing  all  edges  not  Joining  vertices 
of  Ik  and  Xk . For  all  it 

degG(L,X„)(x)  * degG(x)  “ 1Xk'  + 
and  for  all  1 c Ik> 

degG(Ik,Xk)(1)  * degG(1)  “ 1 Ik 1 + 1# 

Let  s = sk  and  t = tk  be  the  real  numbers  s,t 
of  (3.2)  and  (3.3)  for  G(Ik»Xk).  Let  1*  and  x#  be 
members  of  Ik  and  Xk,  respectively,  for  which  the 
minima  of  (3*2)  and  (3*3)  are  attained  for  G(Ik,Xk). 
We  combine  the  above  Inequalities  with  (3.2),  (3.3), 
and  (4.8)  to  obtain 


(^.10)  tllkl  = nkl  - de«0(  (X.) 

K K 

$ II^I  - deu:G(x*)  + I Xk»  - 1 
= p - dep^U*)  - 1. 

(4.11)  GlXkl  <c  p - de«G(l*)  - 1. 

Combining  (4.10)  and  (4.11)  with  (4.1),  (4.9),  and 
m ^ 0,  we  get  for  k - m d-1. 


(4.12)  (k+l)(slX, 


+ tllkl ) 


< (k+l)(2p  - 2 - degG(x*)  - degG(l*)) 


= (k+1) 


d (d+1 : 


•IXkl  « Ukl  . 


The  maximum  degree  of  Hk+^ ( V ( ) , V( Hk+1 ) v V ( Hk ) ) 
is  at  most  k+1,  by  (4.5).  By  the  definition  of  Ik, 
(4.13)  IV(Hk)l  = IIkl  . 

By  (4.8),  (4.13)  nnd  IV(G)I  = IV(H)I  ? IV(Hk+1)l, 

IXk'  * 1V(Hk+l)  V V(Hk)!  * 

Also,  since  (4.12)  is  simply  (3.4)  for  G(Ik,Xk)  and 
since  (3.2)  and  (3.3)  a re  valid  in  G(Ik,Xk),  we  have 
satisfied  the  hypothesis  of  Theorem  4.  Therefore, 


there  is  an  injection  ^k:  V(Hk+^)  n V(Hk)  — »-Xk,  such 
that  TTk  and  Vk  define  an  embedding  of 

Hk+l(V(Hk),V(Hk+l)  V V(Hk})  Into  G(Ik.Xk).  Now.  nk 
is  already  an  embedding  of  Hk  Into  G,  and  so  nk  and 
¥k  define  an  embedding  of  Hk+1  Into  G.  The  theorem 
follows  by  induction. 


I 
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We  now  strengthen  Theorem  5 for  certain  graphs 


with  d = 2.  A component  of  a graph  Is  odd  or  even 
according  as  the  number  of  Its  vertices  Is  odd  or 
even. 


Theorem  6 Let  G be  a simple  graph  on  p verti- 
ces, p even.  Let  H be  n simple  graph  on  p vertices 
of  maximum  degree  2.  If  the  minimum  degree  of  G Is 
at  least  ^ P - 1 and  If  the  number  k of  odd  polygons 
In  H Is  not  more  than  the  number  of  nonpolygonal 
odd  components,  then  H can  be  embedded  In  G. 

Proof : It  follows  from  the  hypothesis  that  H 

consists  of  polygons,  arcs,  or  Isolated  vertices. 
Let  a maximum  set  Y^  of  nonadjacent  vertices  be 
selected  from  the  polygons  of  H.  By  hypothesis,  we 


L 


can  take  a set  of  k nonpolygonal  odd  components,  and 
from  these  let  a maximum  set  of  nonadjacent  ver- 
tices be  chosen.  Among  the  components  thus  considered, 
exactly  half  of  their  vertices  lie  In  1^.  Since 
p Is  even,  the  number  of  odd  components  Is  even,  so 
there  remain,  If  any,  an  even  number  of  nonpolygonal 
odd  components.  Choose  a set  Y^  of  independent  ver- 
tices of  these  components,  so  that  exactly  half  of 
the  vertices  of  these  components  lie  In  Y^. 


This 
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can  be  done  by  choosing  a maximal  Independent  edge 
cover  for  hnlf  of  the  remaining  components  end  a 
mlnlinnl  Independent  edge  cover  for  the  others.  Let 


Y = Y1-  Y2~  Y3,  end  let  J ^ V(H)  n Y.  Then 
I Y I = I J I = p/2. 

Let  H(J,Y)  be  the  bipartite  graph  obtained  from 
H by  deleting  the  one  edge  from  each  polygon  that  Is 
not  covered  by  Y^.  Since  the  minimum  degree  of  ver- 
tices of  G is  large,  we  can  choose  a matching  M In 
G of  as  many  edges  as  there  are  edges  removed  from  H 
to  get  H(J,Y).  Let  I be  an  arbitrary  set  of  I J I 
vertices  of  G containing  the  vertices  covered  by  M. 

Let  tt:  J * I map  vertices  Joined  In  H but  not 

Joined  In  H(J,Y)  to  Vertices  Joined  In  M.  Let 
X = V(G)  n i.  Then 

III  = I J I = IXI  = I Y I = p/2. 

Since  the  minimum  degree  of  G Is  at  least  ^-p.-  1. 
the  minimum  degree  of  a vertex  in  G(I,X)  Is  at  least 
^ p . Now,  p = — II!,  where  d = 2 and  p = 2111, 
and  so  we  can  apply  the  Corollary  to  Theorem  4-  and 
conclude  that  there  exists  a mapping  ^ : Y — *-X 
such  that  V and  tt  define  an  embedding  of  H Into  G. 
This  completes  the  proof. 
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5.  The  number  of  1-foctors  of  a graph.  Ander- 
son [l]  and  Gallal  [4]  used  Theorem  1 (or  Its  equi- 
valent) to  prove  Tutte's  Theorem  [10]  characterizing 
graphs  having  1-factors.  In  this  section  we  shall 
use  Theorem  2 In  a similar  manner  to  obtain  lower 
bounds  on  the  number  of  1-factors  of  a graph. 

J.  Zaks  [12]  substantially  Improved  a lower 
bound  of  Belneke  and  Plummer  f 2 J on  the  number  of 
lxfactors  of  an  n-connected  graph.  A graph  on  more 
than  max(2,n)  vertices  (n  > 0)  Is  n-connected  If  the 
removal  of  fewer  than  n vertices  does  not  separate 
the  graph  Into  several  components.  We  shall  Improve 
these  bounds. 

Tutte's  Theorem  Is  stated  In  Theorem  7 below. 
Berge  [3]  has  given  a formula  for  the  maximum  number 
of  Independent  edges  In  a graph.  This  can  be  derived 
from  the  defect  version  of  P.  Hall's  Theorem  (see 
f?J . p.  40)  using  the  method  of  Anderson  [lj . Tutte 
[ll]  has  used  his  theorem  on  1-factors  to  prove  a 
general  factor  theorem  for  arbitrary  graphs. 

The  graph  obtained  by  deleting  a set  S of  ver- 
tices from  the  graph  G Is  denoted  G - S.  The  set 
of  odd  components  of  a graph  G - S,  S V(G)  Is  de- 
noted CG(S)  or,  more  simply,  C(S).  Let  f(G)  denote 
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the  number  of  l-fnctors  of  G.  It  Is  easily  seen 

that  for  any  v t V(G) , 

(5.1)  Z f(G  - iv. wt)  = f ( G) , 

wtV(G) 
w ad  J v 

where  the  sum  Is  over  all  vertices  wtV(G)  adjacent 
to  v.  We  state  without  proof  Tutte's  1-factor  The- 
orem [101  : 

Theorem  7 (Tutte)  A necessary  and  sufficient 
condition  that  f(G)  > 0 for  a graph  G Is  that  for 
every  set  S£  V(G) , 

IC(S)|  ^ ISI  . 

We  shall  use  the  following  result: 

Theorem  8 Let  G be  an  n-connected  graph  with 
f (G ) ^ 1.  Then 

(I)  If  IC(S)|  = ISI  for  some  S « V(G)  whose 
removal  disconnects  G,  then  f(G)  £ n! ; 

(II)  If  IC(S)I  < ISI  for  all  S*V(G)  whose 
removal  disconnects  G,  then  f(G  - Iv.wl)  ^ 1 
for  all  pairs  of  adjacent  vertices  v,w. 

Outline  of  Proof:  Anderson  [l]  shows  that  In 

case  (1),  Theorem  1 mny  be  used  to  prove  the  exis- 
tence of  a set  of  edges  joining  Sq  and  C(Sq),  where 
Sq  Is  a maximal  disconnecting  set  for  which 
IC(S)|  = ISI. 


I 

I 
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Furthermore,  such  a set  of  edges  Is  contained  In  a 
1-fnctor.  Now,  the  assumption  of  n-connectedness 
permits  the  use  of  Theorem  3 In  Anderson's  proof. 

This  Implies  that  there  are  at  least  n!  sets  of 
edges  joining  Sq  and  C(Sq),  and  each  set  Is  contained 
in  a different  1-factor,  whence  (1). 

Part  (11)  Is  a routine  result  which  does  does 
even  use  n-connectedness.  Anderson  [l]  also  covers 
this  case  in  his  proof  of  Tutte's  Theorem. 

If  n < 4,  define  h(n)  = n;  otherwise.  If 
n > 4,  let 

h(n)  = r(n)  TT  (n-4k) (n-4k-l) , 
k 

where  the  product  Is  taken  over  all  nonnegative 
Integers  k for  which  n - 4k  - 1 Is  positive,  and 
where 

f 2/3  If  n - 0 (mod  4) ; 
r(n)  = "S  1 If  n = 1 or  2 (mod  4); 
l 1/2  If  n = 3 (mod  4). 

Thus,  for  n =■  1,2,...,  we  have  h(n)  = 1,  2,  3,  8, 

20,  60,  126,  448,  1440,  5400,  etc.  In  [12] , J. 

Zaks  showed  that  If  G Is  an  n-connected  graph,  then 
f(G)  ^ n( n-2) (n-4) (n-6)  ... 

We  Improve  this  for  n > 4 by  proving  the  following: 
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Theorem  9 If  G Is  any  n-connected  graph  with 
a 1-fnctor  and  with  nt  least  n+2  vertices,  then 
f(G)  £ h(n). 

Proof : Let  G be  an  n-connected  graph  with  a 

1-factor.  By  Theorem  7,  I C ( S )|  $ ISI  for  all  S£V(G). 

If  l C ( S ) I = IS  I for  some  set  S *V(G)  whose  removal 
separates  G,  then  f(G)  £ n! , by  (1)  of  Theorem  8. 

Since  n!  £ h(n)  for  all  n,  the  theorem  follows  In 
this  case.  If  IC(S)I  < |S  I for  all  S^V(G)  whose 
removal  separates  G,  then  any  edge  of  G Is  contained 
in  a 1-fnctor.  By  the  hypothesis  of  this  theorem,  G 
Is  not  the  complete  graph  on  n+1  vertices.  Hence, 
we  can  find  vertices  v,v',  each  adjacent  to  at  least 
n vertices  other  than  v or  v* . Let  w be  one  of  those 
vertices  adjacent  to  v and  distinct  from  v* . The 
graph  G - )v,w}  either  satisfies 

ICG-W.wl(S)l  = ISI 

for  some  S ^V(G),  In  which  case  G - fv.wl  has  at 
least  (n-2)J  1-factors,  or  satisfies 

,CG-tv.w,‘S>‘  < ISI 

for  all  S^V(G)  whose  removal  separates  G - )v,wl. 

In  which  case  all  edges  Incident  with  the  vertex  v' , 
which  has  degree  at  least  n-1  In  G - |v,w{,  are  part 
of  1-factors  Including  the  edge  Joining  v and  w. 
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In  the  former  case, 

f (G)  ^ n(n-2) ! ^ h(n) ; 

In  the  latter  case,  by  (11)  of  Theorem  8, 
f(G)  > n(n-l)f(G  - iv.w.v' ,w'} ) , 
where  v,w  and  w'.v*  are  endpoints  of  the  first  two 
edges  of  G chosen  to  be  In  a 1-factor.  Since 
G - \v,w,v',vM  Is  (n-4) -connected. and  Is  not  a com- 
plete graph  on  n-3  vertices,  we  can  repeat  this 
procedure  and  conclude  Inductively  that 

f(G)  £ n(n-l) (n-4) (n-5)  ...  f(H), 
where  H Is  the  subgraph  obtained  from  G by  removing 
vertices  v,w,v' ,w' , , , , .etc, , so  that  H Is  not 
necessarily  5-connected,  but  may  be  only  1-,  2-, 

3-,  or  4-connected.  In  these  four  cases.  Theorem  8 
Implies  f(H)  Is  at  least  1.2,3.  or  8 = mln(4!,  4*2), 
respectively;  i.e., 

f (H)  ^ r(n)(n  - 4k)(n  - 4k  - 1) 
for  k = [2jp],  unless  n s 1 (mod  4),  In  which  case 
f (H)  £ r(n)  = 1. 

Combining  these  relations  on  f(H)  with  the  definition 
of  h(n),  we  obtain  f(G)  ^ h(n),  proving  the  theorem. 

The  party  graph  (see  [12J , p.  487)  Is  a graph 
for  which  the  bound  of  Theorem  9 is  attained  when 
n=2,4,  or  6.  These  appear  to  be  the  only  values  of 
n>l  for  which  the  result  is  best  possible. 
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Theorem  9 can  be  slightly  Improved  when  n Is 
large  or  when  more  exceptional  graphs  are  excluded. 
These  Improvements  are  only  of  minor  s ignlf lcance . 

Zaks  [12]  gives  a discussion  and  some  conjectures 
concerning  such  lower  bounds. 

Zaks  [12]  conjectured  that  If  |V(G)|  £ 2n,  and 

If  G Is  an  n-connected  graph  with  a 1-factor,  then 
f(G)  n!  This  Is  false  for  the  graph  pictured  In 
Figure  1.  Figure  1 Is  a 3-connected  graph  with  only 
five  1-factors,  and  I V ( G ) I = 2n+2  = 8.  It  does  appear 
reasonable  to  conjecture,  however,  that  for  any 
given  n,  f(G)  ^ n!  for  all  but  finitely  many  graphs 
G that  are  n-connected  and  have  a 1-factor.  Even 
the  case  n = 3 does  not  apDenr  to  be  simple.  In- 
stead of  n! , however,  we  can  give  the  weaker  bound 

of  the  following  theorem.  For  n = 4,5.6 the 

bound  given  below  Is  8,  25,  72,  294,  1024,  4374, 
etc.,  an  Improvement  over  Theorem  9 when  n > 4. 

Theorem  10  For  any  natural  number  n 3,  let 
m be  the  largest  Integer  having  the  same  parity  as 
n and  satisfying  m(ra-l)  < n.  There  are  at  most 
finitely  many  n-connected  graphs  G which  have  1-fac- 
tors  and  satisfy 

f ( G)  < m! 
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Proof : If  G has  a vertex  v of  degree  at  least 


n'.  and  (11)  of  Theorem  8 holds,  then  G - \v,w(  has 
a 1-factor  for  n!  values  of  w,  where  w Is  adjacent 
to  v,  determining  at  least  n!  different  1-factors, 

If  (1)  holds,  then  G has  n!  different  1-factors, 
since  G Is  n-connected  and  has  a 1-factor.  Since 
n!  * m!  ni(n-m), 

It  suffices  to  restrict  out  attention  to  graphs  G 

In  which  all  vertices  have  degree  less  than  nj  and 

for  which  (11)  of  Theorem  8 holds. 

By  this  restriction,  the  number  of  vertices 

2 

having  distance  2 from  v Is  at  most  (n!  - 1)  , so 

the  number  of  vertices  within  distance  0,1,2  of  v 

2 

Is  less  than  n!  . It  follows  that  If  G has 
j^J(n!)2  or  more  vertices,  then  there  are  [n/2]  ver- 
tices V = v2, . . . , v ' no  two  seParated  by 

distance  2 or  less.  (The  brackets  denote  the  great- 
est Integer  function).  We  only  exclude  finitely  many 
graphs  by  assuming  that  G has  at  least  [^]n!2  verti- 
ces, and  so  we  can  prove  the  theorem  by  showing  that 
such  graphs  have  at  leost  m!  1-factors. 

We  now  show  that  for  some  k ^ Cn/2j  , 


(5.2)  f(G)  £ nK(n-2k) ! 


Let  Hq  = 


G and 
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\ = G - (J  lv.  ,w.\  , 
l-.l  1 x 

where  w^  Is  a vertex  adjacent  to  Vj^  that  minimizes 
- Iv^.w^).  As  a basis  for  Induction  on  k, 
observe  that  HQ  Is  an  n-connected  graph  with 
f(G)  £ n°f(H0). 

Suppose  Is  an  ( n-2k ) -connected  graph  with 
a 1-factor,  and  suppose  that 
k $ [n/2]  - 1 


f(G)  £ n*f(Hk). 

If  satisfies  (1)  of  Theorem  8,  then  (5.2)  is 
satisfied.  Otherwise,  satisfies  (11).  Since 
v^+1  Is  not  within  distance  2 of  (l$k),  and  not 
within  distance  1 of  w^  (i^k), 

de%<Vk+l)  = de«G<Vk»l)  * "• 

Thus,  by  (11)  of  Theorem  8, 

f ( G)  £ nk(degH  (v  ))  min  f(H  - )v  ,,w}) 
k +i  w adj  vk+1R  k+i 

in*  f (Hk  - ) 

end  If  2(k+l)  < n,  then  Is  ( n-2( k+1 ))  -connected . 

Thus,  by  Induction,  either  (5*2)  follows  for  some 
k < [n/2],  or 

f ( G ) £ n tn/2J  f (H  -n/2J  ) . 
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In  the  letter  case,  since  H j-n/2j  hQS  n l”fnctor« 


f(Hin/2])  ^ (n-2tn/2l)!f 


whence 


f(G)  * n Ln/2]  (n-2  [n/2j ) J , 
which  Implies  (5.2). 

The  least  value  of  nk(n-2k)!  for  k < fn/2]  Is 
attained  when  n - 2k  = m,  where  m Is  the  Integer 
defined  In  the  statement  of  the  theorem:  for  If  k 
Is  Increased  from  at  least  £(n-ra),  then  the  factor 
n Is  multiplied  by  n,  and  (n-2k)!  Is  divided  by 
(n-2k) (n-2k-l ) , which  is  less  than  m(m-l)  and  thus 
less  than  n,  by  the  definition  of  m;  if  k Is  decreased 
from  ^(n-m)  or  less,  then  n is  divided  by  n,  and 
(n-2k)!  is  multiplied  by  in-2k) (n-2k-l) , which  Is 
at  least  (m+l)m  and  hence  at  least  n.  Therefore, 
by  (5.2), 

f(G)  > mi  n^n"m), 
so  the  theorem  Is  proved. 


H 
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6.  The  2-factors  of  graphs.  Petersen  18] 
showed  that  a graph  Is  2-factorable  (l.e..  Is  the 
union  of  edge-disjoint  2-factors)  If  and  only  If  It 
Is  regular  of  even  degree.  It  Is  known  that  this 
follows  from  P.  Hall’s  Theorem.  We  shall  generalize 
this  using  Theorem  1,  showing  that  a graph  of  even 
degree  that  Is  "almost"  regular  also  has  many  dis- 
joint 2-fnctors.  Also,  we  give  a lower  bound  on 
the  number  of  2-factors  of  a graph.  Tutte's  Factor 
Theorem  [ll]  gives  a criterion  for  an  arbitrary 
graph  to  have  a 2-factor. 

We  define  a graDh  G to  be  almost  regular  of 
degree  2n  If  d < n,  where 

(6.1)  d = \ L ldegr(v)  - 2n|. 
viV(G)  U 

The  number  d Is  called  the  regularity  defect  of  G. 

If  d =■  0,  G Is  regular  of  degree  2n. 

A graph  Is  eulerlan  If  there  Is  a closed  walk 
(called  an  eulerlan  walk)  In  G that  traverses  each 

edge  of  G exactly  once.  Euler  showed,  and  It  Is 

« 

well  known,  that  a graph  Is  eulerlan  If  and  only 
If  It  Is  connected  and  each  of  Its  vertices  has  even 
degree.  A 2-factor  Is  said  to  be  comuatlble  with  an 
eulerlan  walk  W of  G If  W restricted  to  any  polygon 
of  the  2-factor  is  also  an  eulerlan  walk. 


Theorem  11  Let  G be  on  eulerlan  graph  that  la 


almost  regular  of  degree  2n  with  regularity  defect 
d < n.  Then  G has  a 2-factor  compatible  with  any 
of  Its  eulerlan  walks.  Any  2-factor  Is  In  a set 
of  n - d edge  disjoint  2-fnctors. 

Proof : Given  an  eulerlan  walk  of  G,  let  Av 

denote  the  set  of  vertices  of  G that  Immediately 

follow  an  occurrence  of  v«V(G)  In  the  walk.  For 

any  VS;V(G),  let  A(V)  denote  (J  A . Let  G'  denote 

v« V v 

the  directed  graph  obtained  from  G by  directing 
each  edge  In  the  direction  of  the  walk.  Let  V be 
an  arbitrary  subset  of  V(G).  We  first  prove 

(6.2)  IVI  ^ | A( V) \ . 

Let  E denote  the  set  of  edges  e of  G*  for  which 
there  Is  a vertex  v(V  such  that  e Is  directed  away 
from  the  vertex  v;  let  E'  denote  the  set  of  edges  e 
for  which  there  Is  a vertex  v *A(V)  such  that  e Is 
directed  toward  the  vertex  v.  Since  an  eulerlan 
walk  enters  a vertex  ac  many  times  as  it  leaves,  the 
number  of  edges  of  E (or  E' ) incident  with  a given 
vertex  (or«A(V),  resp.)  is  idegG(v).  Hence, 

(6.3)  IEI  = i E deg_(v) 

vt  V G 

= nlVl  + b E (degr(v)  - 2n), 
v*  V u 


and  similarly. 
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(6.4)  IK* I = n|A(V)|  ♦ $ E (deg  (w)  - 2n)  . 

wc A ( V ) 

By  the  definition  of  A,  E ?E',  whence 

(6. 5)  IE1  < IE'  I . 

Combining  (6.3),  (6.4),  (6.5),  and  (6.1),  we  get 

ni VI  £ n|A(V)|  + E (deg  (w)  - 2n) 

w^A(V)\V  ^ 

L (degr ( v ) - 2n) 

v*V\A( V)  ° 

£ n | A(V)|  + d 

< n | A ( V ) | + n. 

Therefore , 

1 V | < I A ( V ) | + 1, 

and  since  1VI  and  IA(V)|  are  Integers,  this  gives  (6.2). 

By  (6.2),  we  can  use  Theorem  1 <inri  conclude  that 
( Av : vtV(G))  has  an  SDH  (x(v):  v«V(G)).  The  spanning 
subgraph  consisting  of  the  edges  of  G joining  v and 
x(v)  for  some  vtV(G)  is  a 2-factor  of  G.  This  proves 
the  first  part  of  the  theorem.  The  removal  of  the 
edges  of  the  2-factor  from  G leaves  a graph,  say  G^, 
with  regularity  defect  d that  Is  almost  regular  If 
n-1  > d.  Suppose  Inductively,  that  Theorem  11  holds 
for  graphs  that  are  almost  regular  of  degree  2n-2. 

Then  G^  has  n-l-d  edge-dlsJolnt  2-factors,  and  these 
together  with  our  2-factor  of  G define  a set  of  n-d 
edge-dlsJolnt  2-factors  of  G.  A basis  for  Induction 
Is  easy  to  establish,  so  the  theorem  Is  proved. 


r - 
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Not  all  2-factors  are  compatible  with  a given 
walk,  so  the  following  theorem  only  given  a lower 
bound  on  the  number  of  2-factors  having  the  specific 
property  of  compatibility. 

Theorem  12  Let  G be  a graph  having  a 2-factor. 
If  the  minimum  degree  of  G Is  2m  or  2m+l,  then  G 
has  at  least  m!  2-factors. 

Proof : Find  the  polygons  of  G that  form  a 

2-factor  and  direct  their  edges  so  that  no  vertex 
of  any  polygon  has  two  Incoming  edges  or  two  out- 
going edges.  We  claim  that  the  remaining  edges  of 
G can  be  directed  so  that  the  number  of  Incoming 
edges  at  any  vertex  Is  within  one  of  the  number  of 
outgoing  edges:  simply  find  edge-dlsJolnt  polygons, 
direct  their  edges  so  that  each  vertex  has  as  many 
Incoming  as  outgoing  edges;  the  remaining  edges  form 
a tree  and  can  be  partitioned  Into  paths,  no  two 
having  a common  endpoint.  Direct  each  edge  of  a 
path  In  the  same  direction  along  the  path. 

Now,  define  as  In  the  proof  of  Theorem  11. 
Observe  that  since  G has  a 2-factor, 

|A(V)|  > IV) 

for  all  ViV( G).  By  our  method  of  assigning  dlrec- 
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tlons  to  edges,  |Avf  ^ m for  nil  v.  Therefore, 
since  m ^ IV(G)\  , we  con  npply  Theorem  2 end  conclude 
thnt  the  family  of  sets  (Av:  vtV(G))  has  at  least 
ml  SDH's,  and  each  SDH  determines  a different 
2-factor  compatible  with  the  directed  graph,  as  in 
Theorem  12.  This  completes  the  proof. 


J| 
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I.  INTRODUCTION 


1 


1.  The  Coding  Problem 

The  need  for  error  correcting  codes  arises  when  considering  those 
problems  in  data  communications  systems  related  to  the  transmission  of 
a messaqe  across  a channel.  A channel  is  a device  capable  of  trans- 
mitting the  symbols  which  compose  the  message.  The  symbols  presented 
to  the  channel  are  called  input,  and  those  received  at  the  other  end 
of  the  channel  are  called  output.  In  an  ideal  communications  system, 
the  message  is  received  exactly  as  it  was  transmitted,  but  transmission 
errors  are  quite  common  in  practice.  A channel  is  said  to  be  noisy  if 
an  output  symbol  is  not  always  the  same  as  the  corresponding  input 
symbol . 

Given  a channel  that  is  subject  to  noise,  we  consider  the  problem 
of  making  our  communi cat ions  system  as  error  free  as  possible.  One 
solution  is  the  use  of  codes  which  are  capable  of  detecting  and/or 
correcting  those  errors  that  occur  in  transmission.  To  be  practical, 
there  should  also  be  a reasonable  method  for  encoding  and  decoding 
messaqes.  The  selection  of  the  code  and  procedures  for  its  encoding 
and  decoding  constitutes  The  Coding  Problem. 

This  paper  will  be  concerned  with  determining  the  maximum  number 
of  messages  possible  for  codes  of  specific  length;  i.e.  codes  whose 
messages  are  composed  of  a specific  number  of  symbols.  We  will  limit 
our  considerations  to  unrestricted  (linear  and  nonlinear)  binary  codes 
(codes  whose  messages  are  composed  of  zeros  and  ones)  and  present  a 
survey  of  known  results.  We  will  conclude  with  a table  listing 
bounds  on  the  maximum  number  of  codewords  for  codes  of  length  up  to  50. 


2 

Remark.  In  addition  to  those  cited  at  the  end  of  this  work,  exten- 
sive lists  of  references  may  be  found  in  Peterson  and  Weldon  [18]  and 
in  Sloane  [23]. 


3 


2.  Definitions  and  Preliminary  Ideas 

A vector  (or  word)  of  length  n is  a sequence  of  n symbols  (i.e.  an 

n-tuple)  taken  from  a fixed  set  of  elements  called  the  alphabet.  For 

example,  we  could  consider  the  vector  a = (a.  ,a„, . . . ,a  ),  where  the  a- 

— 1 c n 1 

are  elements  of  our  alphabet.  We  note  that  if  there  are  q elements  in 
the  alphabet,  then  there  are  q11  possible  vectors.  Since  we  are  con- 
cerned only  with  binary  codes,  where  the  alphabet  is  Zj,  there  are  2n 
possible  vectors  that  could  be  used  in  a code  of  length  n.  We  will 
denote  by  Vp  the  set  of  all  possible  n-tuples  of  elements  of  Z^.  For 
brevity,  we  will  often  denote  a = (a. ,a„, . . . ,a  ) by  a = a,a  ...a  or 
a = (aia2...an). 

If  there  were  no  noise  in  the  channel,  we  could  use  all  2n  possible 
vectors  in  transmission.  One  solution  to  the  problem  of  noise  is  to 
select  for  transmission  only  some  of  the  2n  possible  sequences,  choosing 
them  to  be  sufficiently  different  so  that  if  only  a few  transmission 
errors  occur,  the  correct  string  may  be  found  by  comparing  the  received 
word  with  the  set  of  reserved  words.  The  subset  of  Vn  selected  for 
transmission  Is  called  a code  of  length  n,  which  will  be  denoted  by  C. 

An  element  of  a code  will  be  called  a codeword,  to  be  distinguished 
from  a general  element  of  V^,  which  will  simply  be  called  a vector. 
Consider  the  set  of  all  sequences  of  lenqth  k whose  symbols  are 

|y 

elements  of  Z£.  As  we  have  noted,  there  are  2 of  them,  each  providing 

lx 

a distinct  message  which  may  be  used  In  transmission.  Given  these  2 
vectors,  we  can  develop  a code  by  appending  to  each  of  them  a vector 
of  length  r,  for  some  r,  where  these  r symbols  from  Z^  are  determined 
in  some  way  from  the  initial  k symbols.  This  method  gives  us  a vector 
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of  length  n = k + r.  In  which  the  first  k symbols  are  called  informa- 
tion digits  and  the  remaining  r symbols  are  called  check  digits.  Such 
a vector  is  called  a codeword  of  length  n.  This  type  of  code,  in  which 
the  codewords  consist  of  k Information  digits  and  (n-k)  check  digits 
determined  by  them,  is  called  a systematic  code  of  dimension  k.  We 
note  that  to  be  systematic  the  k information  digits  need  not  be  in 
the  first  k positions,  but  that  the  remaining  (n-k)  coordinates  must 

L 

be  determined  by  them.  We  also  remark  that  since  each  of  our  2*  vec- 
tors  provides  us  with  a distinct  codeword,  there  are  2 codewords. 

Let  us  consider  a general  alphabet  T and  suppose  that  the  elements 
of  T form  an  additive  abelian  group  G.  Then  Gn=  G x G x...x  G (n  fac- 
tors) Is  also  a group  under  coordinatewise  addition.  A group  code  C 
with  block  length  n and  alphabet  G is  a subset  of  Gn  which  is  also  a 
subgroup.  The  weight  w(a)  of  a vector  in  Gn  is  the  number  of  nonzero 
coordinates.  Furthermore,  if  the  elements  of  our  general  alphabet  T 
form  a field  F,  then  Fn  may  be  viewed  as  a vector  space  of  dimension 
n over  the  field  F.  A 1 inear  code  C with  block  length  n and  alphabet 
F is  a subset  of  Fn  which  is  also  a subspace  of  Fn. 

Remark.  A linear  code  is  necessarily  also  a group  code.  In  the 
case  under  consideration,  where  our  alphabet  is  Z2  , every  group  code 
is  also  a linear  code;  i.e.  the  terms  are  synonymous  for  binary  codes. 

Given  two  vectors  a,  b of  Vn,  the  Hamming  distance  A(a,b)  Is 
defined  as  the  number  of  positions  (or  coordinates)  in  which  a and  b 
differ.  If  a = (a,,a„...,a  ) and  b = (b  ,b_,...,b  ),  then  A(a,b)  = 

| (1  : a^  t b^  }| . For  example,  if  a = (1,0, 0,1)  and  b = (0,1, 0,1), 
then  A(a,b)  = 2 since  they  differ  in  the  first  and  second  coordinates. 


] 
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For  a,  b of  V , let  a ® b denote  the  binary  sum  defined  by  coor- 
— — n — — 

dlnatewise  addition  modulo  two;  i.e.  a ® b = 

(“1  + V a2  + b2"  ' ‘ ,an  * b„>  f0r  i = <VV  t ■ (b,-b2 b„>- 

For  example,  if  = (0,1 ,1 ,0)  and  b = (1 ,0,1 ,0),  then  a ® b = 

(0  + 1 , 1 + 0,  1 + 1 , 0 + 0)  = (1 , 1,  0,  0).  We  will  often  write 
a 9 b simply  as  a + b.  Note  that  the  elements  ai  + b^  are  also  ele- 
ments of  7^. 

Proposition  2.1.  Given  a^,  b^  of  V^,  w(a^  + b)  = A(a_,b). 

Proof.  Since  addition  is  coordinatewise  and  since  a.  + b.  = 0 in 
7_2  whenever  a^  = b^,  the  weiqht  of  a + b = (a^  + ,a?  + ^2*‘“’an  + 

will  be  the  number  of  coordinates  in  which  a and  b differ,  or  simply 
A(a,b).  0ED 

Proposition  2.2.  The  mapping  a:  x -*■  {0,1,..., n)  is  a metric 

on  Vn;  i.e.  it  satisfies  the  following  properties  for  any  a,  b,  c of  V^: 

(i)  A(a,bJ  >_  0 and  A(a,b)  = 0 iff  a = b, 

(ii)  A(a,b)  = A(b,aJ, 

(iii)  A(a_,b)  £ A(a,c)  + b(c_,b) . 

Proof.  Both  (i)  and  (ii)  are  immediate  from  the  definition  of  a. 

From  the  properties  of  coordinatewise  binary  addition,  clearly 
w(a  + b)  <_  w (a)  + w(b).  Then  using  Proposition  2.1,  (iii)  follows 
from  A(a^,b)  = w(a  + b)  = wU  + £ + c + b ) £ wU  + c)  + w(c  + b ) = 

A(a,c)  + A(b,c).  QED 

Given  a code  C,  we  define  d(C)  to  be  the  minimum  distance  between 
codewords  of  C;  i.e.  d(C)  = min  A(a^b)  for  distinct  a,  b of 
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Proposition  2.3.  If  C is  a group  code,  then  d(C)  = min  w(a)  for 
nonzero  a^  of  C;  i.e.  the  minimum  distance  between  codewords  of  C is  the 
weight  of  the  codeword  of  least  nonzero  weight. 

Proof.  If  a and  b are  codewords,  then  a_  + b^  is  a codeword  since 
C is  a group  code.  By  Proposition  2.1,  the  distance  between  any  two 
codewords  is  the  weight  of  the  codeword  given  by  their  sum.  Since  C 
is  a group  code,  the  null  vector  0 Is  a codeword,  and  the  weight  of  any 
codeword  a is  the  distance  between  a and  0.  Qf 0 

By  an  (n,d)-code  C we  mean  a code  of  length  n such  that  the  mini- 
mum distance  between  codewords  Is  at  least  d.  In  other  words,  d(C)  >_  d. 
We  further  denote  by  (n,d;A)-code  a code  of  length  n,  minimum  distance 
at  least  d,  with  A codewords.  An  (n,d)-code  C is  called  optimal  if  no 
other  (n.d)-code  has  more  codewords  than  C.  We  denote  by  A(n,d)  the 
number  of  codewords  in  an  optimal  (n,d)-code.  It  is  the  concern  of 
this  paper  to  discuss  both  upper  and  lower  bounds  on  A(n,d). 

Example  2.4.  Consider  the  code  C given  by  the  following  vectors: 
000000,  111000,  100110,  011110,  010101,  101101,  110011,  OOlOll.  This 
code  can  be  verified  to  be  a group  code  consisting  of  eight  codewords 
of  length  six.  Since  C is  a group  code  and  since  the  minimum  weight  of 
its  nonzero  codewords  is  three,  then  by  Proposition  2.3  we  know  that 
C Is  an  (6,3;8)-code.  This  result  proves  that  A(6,3)  £ 8.  It  will  be 
proved  in  Section  4 that  A(6,3)  £ 8,  giving  A(6,3)  = 8. 

Example  2.5-  Consider  the  code  C given  by  the  vectors  00000,  11100, 
00111,  11011.  This  is  also  a group  code  of  length  five  with  minimum 
distance  of  three  between  codewords.  Then  C is  an  (5,3;4)-code,  proving 


I 

I 

that  A(5,3)  21  4. 

Remark.  As  we  have  observed,  lower  bounds  on  A(n,d)  are  generally 
found  by  construction;  i.e.  to  prove  A(n,d)  >.  M,  we  produce  an  (n,d)- 
code  with  M elements.  We  also  note  that  upper  bounds  are  always  deter- 
mined  by  theoretical  arguments. 

We  define  another  term  often  useful  in  the  discussion  of  codes. 

For  every  vector  a^  of  Vn>  we  define  its  complement  a^  by  a_' = a_  + I, 
where  I is  the  vector  with  ones  in  all  positions.  Thus  the  complement 
a_'  of  a^  is  obtained  simply  by  interchanging  zeros  and  ones  in  each 

coordinate.  For  example,  the  complement  of  1001  is  1001  + 1111  = 0110.  ] 


3.  Some  Elementary  Observations 


8 


This  section  contains  various  results  which  are  useful  in 
studying  A(n,d),  even  though  they  are  not  directly  related  to  each 
other. 

A code  is  said  to  be  e-error-detecting  if  it  can  detect  as  many  as 
e errors.  Similarly,  a code  is  said  to  be  e-error-correcting  if  it  can 
correct  up  to  e errors. 


Proposition  3.1.  Given  a code  C,  then  C is  e-error-detecting  if 
C is  an  (n,e  + l)-code  and  C is  e-error-correcting  if  C is  an  (n,2e  + 1)- 
code. 

Proof.  If  up  to  e errors  occur  in  the  transmission  of  a codeword 
of  an  (n,e  + l)-code,  then  the  fact  that  the  minimum  distance  between 
codewords  is  e + 1 will  ensure  that  the  received  vector  will  not  be 
another  codeword  and  error  detection  will  result.  In  this  case, 
nothing  can  be  said  about  the  originally  transmitted  codeword. 

If  up  to  e errors  occur  in  the  transmission  of  an  (n,2e  + l)-code, 

then  since  the  minimum  distance  between  codewords  is  2e  + 1,  the  re- 

ceived vector  will  have  a unloue  closest  codeword  which  can  be  taken 
as  the  originally  transmitted  codeword.  Thus  error  correction  can 
occur.  QED 

Given  a code  C of  length  n and  any  vector  a of  V , then  the 

translate  of  C by  a,  denoted  by  C_ , is  defined  by  C_  =(a  + b : b e C). 

' 3 3 

C is  the  image  of  C under  the  mapping  T : V -*•  V as  defined  in 
a^  3 rr  3 a n n 

Proposition  3.2.  The  mapping  T^  ; Vp  ->  defined  by  b k a + b is 
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distance  preserving. 

Proof.  To  show  that  T preserves  distance,  we  must  show  that 

3 

A(b,£)  = aU  + t^,  a_  + c).  From  Proposition  2.1  we  have  A(a  + b , a^  + c)  = 
wU  + b.  + a.  + c_)  = w(b^  + c_)  = A(b,c_).  QFD 

From  the  precedinq  proposition,  we  have  immediately 

Proposition  3.3.  A translate  of  an  (n,d)-code  is  also  an  (n,d)- 

code. 


Given  a code  C of  length  n and  a permutation  P of  {l,2,...,n}  , the 
permutation  of  C by  P,  denoted  by  Cp,  is  defined  as  Cp  = 

{(ap(i )*ap(2)’ * ' * *aP(n))  : (ai ,a2’ • • ' ,dn}  e C}-  We  ma*  als0  consider  p 

D 

as  a mapping  from  to  where  a «■  a_  . 

P • 

Proposition  3.4.  The  permutation  P : Vn  Vn  defined  by  a is 
distance  preserving. 

Proof.  To  show  that  the  permutation  of  a code  preserves  distance, 
we  must  show  that  a (a_,b)  = a (<LP>kP)  • Let  a = (a]  ’a?j  • • ■ >an)  and  b = 

(b, ,b  ,...,b  ).  Then  for  any  i , 1 < i < n,  consider  the  ith  coordi- 
* 2 n 

nates  of  ap  and  bP,  namely  and  bp^j.  Then  these  coordinates 

will  be  the  same  or  different  according  as  the  i^  coordinates  of  a^ 

P P 

and  b are  the  same  or  different.  But  then  A(a_,b)  = a(<^  ,b  ) and  tnt 
result  follows.  QED 

From  this  result,  we  have  i timed  i a tel  y 

Proposition  3.5.  The  permutation  of  an  (n.d)-code  produces  an 


I 


(n.d)-code. 


We  define  two  (n,d) -codes  to  be  equivalent  if  you  can  obtain  one 
from  the  other  by  means  of  a combination  of  translations  and  permutations. 
In  terms  of  codewords,  given  two  equivalent  (n.d)-codes  and  C2,  then 
for  c e C]  we  can  determine  Its  corresponding  codeword  in  C9  by 
c ~ cp  + a for  some  permutation  P followed  by  a translation  by  some 
of  V . The  concept  of  equivalence  will  aqain  be  considered  in  the 
section  on  linear  codes. 

The  vector  a is  said  to  have  even  parity  if  w(aj  is  an  even  number, 
and  odd  parity  if  w(aj  is  an  odd  number.  For  example,  the  vector  a = 
(01111)  has  even  parity  and  the  vector  b = (01101)  has  odd  parity  since 
w(a)  = 4 and  w(b)  = 3. 

Proposition  3.6.  Let  a^,  b be  vectors  of  V^.  Then  if  a^  and  are 
of  the  same  parity,  A(a^b)  = 2k  for  some  integer  k.  Similarly,  if  a 
and  b are  of  different  parity,  then  A(a_,b_)  = 2k  + 1 . 

Proof.  We  can  easily  verify  the  equation  w(a)  + w(b)  = 

2c(£,bJ  + A(a^bh  where  c(<^,b)  is  the  number  of  coordinates  in  which 
a^  and  b both  have  ones.  The  result  follows  trivially.  QED 

We  next  present  several  other  results  useful  in  later  calculations 
for  A(n,d).  Recalling  that  (")is  the  number  of  ways  of  choosing  k 
things  from  a set  of  n things,  consider 

Proposition  3.7.  (i)  Given  anv  vector  a r V . then  the  number  of 

- — n 

vectors  such  that  a(<L,x.)  = k is  (£). 

(ii)  Given  any  vector  a E V such  that  w(a)  = k, 

— n 

then  the  number  of  vectors  b of  weight  t 
such  that  A(a,b)  = i is  given  by 


I 


Proof.  ( 


(i 
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I 0 If  k + i - 1 Is  odd 

(*s(k  + a - i ))  65(1  - k + i ))  if  k +*■  - i 

v is  even. 

i)  Given  any  vector  a c V , we  can  find  a translation 

— n 

such  that  a^  is  translated  to  the  origin  vector  0,  the 

vector  of  all  zeros.  Applying  this  translation  to 

all  the  vectors  in  V will  not  change  distances  be- 

n 

tween  vectors,  by  Proposition  3.2.  Then  the  vectors 
at  distance  k from  our  translated  vector  a^  will  sim- 
ply be  those  vectors  of  weight  k.  The  number  of  vec- 
tors of  weight  k is  simply  the  number  of  ways  to  put 
k ones  in  the  n coordinates,  or(")  . 
i)  Let  a^  and  b be  vectors  of  Vpsuch  that  w(aj  = k and 
w(b)  = i.  Let  x be  the  number  of  coordinates  that 
they  have  in  common.  Then  if  A(a,bJ  = i , we  have 
i = (k-x)  + (t-x)  = k+  i - 2x  which  implies 
2x  = k + l - i or  sirndy  x = »s(k  + i - i).  Since  x 
is  an  integer,  then  k + i - i must  be  even  or  else 
there  are  no  vectors  at  distance  i.  If  k + a - i is 
even, then  we  can  choose  x from  the  k coordinates  and 
*•-  x from  the  remaining  n - k coordinates,  or  simply 


* 
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A vector  of  may  be  Identified  with  the  subset  Ba  of  indices 
1 of  n,2,...,n)  for  which  the  1th  coordinate  a^  of  a^  is  one.  For 
example,  if  a_c  (0101),  then  B = (2,4).  The  set  of  indices  in  which 

cl 

the  vectors  a and  b differ  is  the  symmetric  difference  B^  + = 

(B  U BJ  \ (B  n B ) . Thus  &(a,b)  = |B  + B J , where  B + B .is  the 
ab  a^  b — H.  — — • 

symmetric  difference  of  B and  B ; i.e.  the  set  of  elements  which  are 

— b 

in  one  set  but  not  both.  For  example,  consider  a - (01110110)  and 

b»  (10110101).  Then  R = 12 ,3,4,6 ,7 ) and  BL  - 11,3,4,6,8).  Then 
— £ £ 

A(a,b)  = |B  + B | = | <1 , 2 ,7 ,8  > | = 4.  Clearly  we  have 
b 

Proposition  3.8.  The  existence  of  an  (n,d;A)-code  is  equivalent 
to  the  existence  of  a class  B of  A subsets  of  an  n-set  X such  that 
|B  + B'|  >_  d for  distinct  B,B*  of  8. 


Further  remarks  on  these  ideas  will  be  saved  for  Section  7. 


II.  THE  FUNCTION  A(n,d) 

4.  Some  Elementary  Observations  on  the  Function  A(n,d) 
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We  first  note  that  the  maximum  number  of  codewords  of  a given  code 
C may  be  viewed  as  a function  A(n,d)  depending  on  the  length  n and 
minimum  distance  d between  Its  codewords.  This  section  is  concerned 
with  some  properties  of  the  function  A(n,d). 


Theorem  4.1.  (Hamming  [9])  If  d is  even,  A(n,d)  = A(n-l,d-l). 

Proof.  Denote  by  |C|  the  number  of  codewords  in  the  code  C.  Let 

C be  an  (n,d)-code  such  that  |C|  = A(n,d).  Define  C'by  C'  = 

{(a., a ,...,a  .)  : (a., a,,. ...a  _,a  J e C };  i.e.  by  dropping  the 

1 2 n-l  1 L n-1  n 

last  coordinate  from  each  vector  in  C.  Clearly  C'  is  an  (n-1  ,d-l  )- 

code  and  since  |C'|  = |C|  and  |C|  = A(n,d),  then  A(n,d)  <_  A( n-1 ,d-l ) . 

Next  choose  C'  to  be  an  (n-1 ,d-l )-code  such  that  |C'|  = 

A(n-1 ,d-l ) . Define  C"  by  C"  = {(a  ,a a , a.  +...+  a .)  : 

l 2 n-1  1 n-i 

(a, ,a„, . . . ,a  ,)  e C'  };i.e.  by  adding  a parity  check  diqit  to  each 
12  n-i 

vector  of  C',  giving  a code  C"  with  codewords  of  only  even  weight. 
Clearly  C"  has  length  n.  We  want  to  show  that  the  minimum  distance 
between  codewords  in  C"  is  d.  Since  d is  even,  then  d - 1 is  odd,  so 
that  the  only  way  that  two  codewords  of  C could  be  at  distance  d - 1 
is  if  they  were  of  different  parity.  But  then  the  addition  of  the 
parity  check  digit  must  increase  their  distance  to  d.  Thus  C"  is  an 
(n.d)-code.  Therefore,  since  |C"|  = |C'|  and  |C'|  = A(n-l,d-l),  we 
must  have  A(n-l,d-l)  <^A(n,d). 

Finally  A(n,d)  <_  A(n-l.d-l)  and  A(n-l,d-l)  <_A(n,d)  imply  A(n,d)  = 
A(n-1  ,d-l ) . QED 
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The  above  proposition  demonstrates  that  to  determine  values  for 
A(n,d),  we  need  only  consider  cases  where  d Is  odd,  since  d being  even 
implies  that  consideration  of  an  (n.d)-code  could  be  reduced  to  the 
consideration  of  an  (n-1  ,d-l  )-code.  For  this  reason,  the  table  at  the 
end  of  this  paper  will  only  list  results  for  odd  values  of  d. 

The  construction  used  in  the  proof  of  Theorem  4.1  can  be  modified 
to  construct  codes  with  words  of  only  odd  weight.  We  note  this  as 

Theorem  4.2.  If  d is  odd,  then  A(n,d)  = A(n  + 1 ,d  + 1).  Further- 
more, if  there  exists  an  (n,d;A)-code  C,  then  there  exist 
(n  + l,d  + 1;  A)-codes  C'  and  C"  such  that  the  codewords  of  C'  all  are 
of  even  weight  and  those  of  C"  all  are  of  odd  weight. 

Proof.  Given  that  d is  odd,  A(n,d)  = A(n  + 1 ,d  + 1)  follows 
directly  from  Theorem  4.1. 

Next,  if  d is  odd,  then  the  only  way  for  codewords  of  the  (n,d)- 
code  to  be  at  distance  d is  if  they  have  different  parity.  Consider 

C ■ «Va2"--V  a,  + a2  ‘■•■+  an>  : <Va2 V c C)  and  c"  = 

{(a,  ,a„, . . . ,a  , 1 + a,  +...+  a ) : (a., a , . . . ,a  ) e Cl.  These  are  both 
1 2 n 1 n 12  n 

codes  of  length  n + 1.  In  each  case,  adding  the  parity  check  digit 
does  not  change  the  distance  between  codes  of  the  same  parity,  but 
Increases  by  one  (to  d + 1)  the  distance  between  codewords  of  different 
parity.  Thus  C'  and  C"  are  both  (n  + l,d  + l)-codes.  QED 


The  following  result  due 


Dl«+Hr,  rigT 

I IVblVI  II  L'-'J 


riving  one  bound  for  A(n,d)  from  another  and  provides  many  of  the 
results  for  the  table  in  Section  16. 


A 
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Proposition  4.3.  A(n-1,d)  <h[n,d)  < 2A(n-l,d). 

Proof.  First  we  show  A(n-l,d)  £A(n,d).  Let  C be  an  (n-l,d)- 

code  such  that  I C I = A(n-l,d).  Define  C'  = {(a.  ,a„, . . . ,a  ,0)  : 

I Z n- 1 

(a., a ,...,a  ) e C }.  Clearly  C*  has  length  n and  the  minimum  distance 

1 2 n-1 

between  codewords  is  still  at  least  d.  Thus  C'  is  an  (n,d)-code  and 
|C' | = A(n-1 ,d)  < A(n,d). 

Next  we  show  that  A(n,d)  <_  2A(n-l,d).  Define  C to  be  an  (n,d)- 
code  such  that  |C|  = A(n,d).  Consider  the  partition  of  C into  Cq  = 

{ ( ^ i , a 2 » . • • » a i ) • (^i * " " " *^n  1*^^  ^ ^ ^ and  C^  - {(a^ jap* • • • ) • 

(an, a...., a . ,1)  E Cl;  i.e.  C is  formed  from  those  codewords  of  C 
1 Z n-l  o 

ending  in  zero  and  C^  from  those  ending  in  one.  Clearly  CQ  and  C-j  are 
both  of  length  n-l  and  the  minimum  distance  between  codewords  in  each 
is  at  least  d;  i.e.  both  are  (n-l  ,d)-codes.  Then  A(n,d)  = |C|  = 

|C0|  + |C1 | < A(n-l,d)  + A(n-l,d)  = 2A(n-l,d).  QED 

Remark.  It  is  easy  to  see  that  A(4,3)  = Z.  It  follows  from 
Proposition  4.3  that  A(5,3)£  4,  A(6,3)  _<  8 and  A ( 7 , 3 ) £ 16.  This 
remark,  together  with  examples  Z.4  and  Z.5,  proves  that  A(6,3)  = 8 and 
A(5 ,3)  = 4.  We  note  that  while  such  an  exact  determination  is  desirable, 
we  must  quite  often  settle  for  reasonably  proximate  upper  and  lower 
bounds  for  A(n,d)  as  no  method  is  known  to  precisely  determine  its 
value  in  all  cases. 


Theorem  4.4.  (Plotkln  [19])  A(2n,2d)  ^A(n,2d)  A(n,d). 

Proof.  Given  a^  b of  Vp,  we  denote  by  (a,b)  the  vector  of  length 
2n  constructed  by  appending  b onto  a.  For  example,  if  a = 
(a1,a2,...,an)  and  b = (b1 ,b2, . . . ,bn),  then  (a,b)  = 


16 


(a., a a ,b  ,b  ,...,b  ).  This  construction  is  called  concatenation. 

12  n 1 2 n 

Let  be  an  (n,d)-code  such  that  |C^|  = A(n,d)  and  be  an  (n,2d)- 
code  such  that  | | = A(n,2d).  We  will  use  concatenation  to  construct 
an  (2n,2d)-code  C with  A(n,d)  A(n,2d)  codewords. 

Define  C = { (a^  + b,aj  : a e C-|  and  be  C^h  The  codewords  of  C 
will  clearly  be  of  length  2n  and  it  has  A(n,d)  A(n,2d)  distinct  code- 
words since  distinct  pairs  a,  b will  give  distinct  elements  of  C.  We 


must  show  c^)  >_  2d  for  distinct  , c^  of  C.  Consider  pairs 

a,,  b,  and  a„,  b such  that  c = (a  + b .a  ) and  c = (a  + b ,a„)  are 
— 1 —I  -2-2  — 1 — 1 — 1 ~2  ~2  “2 

distinct.  Then  c.  + c = (a  + b ,a  ) + (a+  b ,a  ) = 

-1-2  — l — 1—1  ”2  “2  ~2 

(i-|  + kj  + ^ + ^2’-i  + ^ ' By  ProPosltion  2.1.  A^.c^)  = w(£^  + c^). 

For  distinct  pairs  a , b and  a , b there  are  three  possible  cases: 

H 1 ~2  “2 

Case  1.  Suppose  a.  = a , b t b . Then  c + c = 

“1  ~2  H ~2  -1-2 

(a^  + ^ + ^ + i-|  + i-| ) s + k2>  0).  Therefore  a(^  >£2)  = 

w(c  + c ) = w(b  + b ) > 2d  since  b , b are  elements  of  C_. 

'-1  -2  1 ~2  “ “1  “2  2 

Case  2.  Suppose  a,  / a , b = b . Then  c + c = 

-1  -2  "I  “2  “1  “2 

(a  +b  +a  +b  ,a  + a ) = (a  +a,a  +a).  Then  a(£  ,c  ) = 

1 1 “2  1 “1  ~2  "1  ~?  ~1  "2  12 

w(c  + c ) = w(a  + a ) + w(a  + a )>d  + d = 2d  since  &_  , a are 
~1  “2  _1  2 1 2 12 
elements  of  C . 

1 

Case  3.  Suppose  a t a i b / b . Then  a(c  , c ) = w(c  + c ) = 

12  12  12  1 2 
w(a  + b + a + b ) + w(a  + a ) > w(b  + b ) ^ 2d  since  b , b are 
1 “1  2 ~2  12  1 2 1 2 
elements  of  C . 

2 

The  result  follows  easily.  QED 


5.  Some  Bounds  on  A(n,d) 

Let  a be  a vector  In  Vn.  By  the  sphere  S (a)  of  radius  d about  a 
~ n d 

we  mean  the  set  of  vectors  which  are  at  most  distance  d from  a;  i.e. 


sd(i)  = (t  = b e Vn,  a(a,b)  < d}. 


Proposition  5.1.  (Gilbert-Varsharmov  Bound  [4]  [32]) 

A(n,d)  i 2* 

<0>  ♦ (?)  <d  - 1) 

Proof.  If  C is  an  (n.d)-code  such  that  |C|  = A(n,d),  consider  the 

spheres  of  radius  d - 1 around  each  codeword.  Clearly  they  must  exhaust 

all  vectors  of  V . To  see  how  many  vectors  are  contained  in  each  sphere, 
n 

we  must  find  how  many  are  at  most  distance  d - 1 from  it.  From  Proposi- 
tion 3.7  (i),  this  is  (q)  + (")  +...+  (d  " 1).  Since  there  are  A(n,d) 
distinct  codewords  there  are  A(n,d)[(g)  + (")  +...+(d  n ^ )]  vectors  in 

all  the  spheres.  Since  each  of  the  2n  vectors  of  V is  in  at  least  one 

n 

of  these  spheres,  the  result  follows  immediately.  QED 

Rao  [28]  also  considered  the  sphere  packing  problem,  later  investi- 
gated by  Hamming  as  presented  in 

Theorem  5.2.  (Hamming's  Sphere  Packing  Bound  [9])  If  d = 2e  + 1, 

2n 

then  A(n,d)  < . 

(q>  + (?)  + 0 

Proof.  Consider  the  spheres  of  radius  e about  the  codewords  of  an 

(n.d)-code  C where  |C|  = A(n,d).  If  £ and  b are  distinct  codewords  of 

C,  then  Sg(a)  n Sg(b)  = 0 using  the  triangle  inequality  and 

Afa^jb)  ^ 2e  + 1.  Then  since  each  sphere  contains  (^)  + (”)  +...+  (”) 

vectors  and  since  the  total  number  of  vectors  in  V is  2n,  we  have 

n 

2n  >.  |C|  [(q)  + (")  +...+  (£)]  and  the  result  follows.  QED 
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An  (n,2e  + 1 )-code  is  defined  to  be  perfect  (or  close  packed)  if 

strict  equality  holds  in  the  sphere  packing  bound;  i.e.  if 

2n 

I c I = • 

l u l ,n,  n n 

\)  + ( 1 ) +...+( e ) 

Geometrically,  this  happens  when  there  are  no  vectors  lying  outside  the 
spheres  of  radius  e about  the  codewords.  Note  that  for  C to  be  a per- 
fect code,  2" must  be  an  integer  and  (g)  + (")  +---  + (g) 

?>♦...  ♦ 0 

must  be  a Dower  of  2.  As  will  be  presented  in  Proposition  6.4,  Hamming 
has  shown  that  for  e = 1 this  occurs  when  n = 2m  - 1 where  m is  any 
positive  integer.  In  the  case  e = 2,  Joshi  [12]  notes  that 
(J)  + (”)  + (2)is  a power  of  2 only  for  n = 2,5,  and  90  where 
(“,  + (^)  + (^2)  = 2^.  Joshi  further  proves  that  the  only  perfect 
(n,7)-codes  are  the  cyclic  Golay  (23,7)-code  (mentioned  in  Section  8) 
and  the  trivial  (7,7)-code.  In  fact,  the  only  nontrivial  perfect 
binary  codes  are  the  Hamming  codes  and  the  Golay  (23,7)-code  [23].  As 
a point  of  interest,  we  note  that  (2^)  + (2^)  + (2^)  + (2g)  = 211. 
Further  observations  on  the  symmetries  of  close  Dacked  codes  and  the 
existence  problem  for  e > 2 are  presented  by  Shapiro  and  Slotnick  [22]. 

Theorem  5.3.  (Plotkin's  Bound  [19]).  If  2d  > n,  then 
A(n,d)  <_  2t  2d?~"  n’  * an  integer.  In  other  words,  A(n,d)  is  le..s 

9H 

than  nr  equal  tn  thp  largest  even  integer  in  x-s — 

a Zd  - n 

Proof.  Let  C be  an  (n,d;A)-code.  Then  by  Proposition  3.8,  we 
can  find  a class  b of  A subsets  of  an  n-set  X such  that  |B^  + B^j  >_  d 
for  distinct  , B?  of  b- 
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Let  X denote  the  set  of  elements  x of  X which  are  contained  in 
i 


exactly  1 of  the  sets  Bj  of  3, 
Oefine  I(x,B  ) 

J 


1 if  x c B 


j 


0 if  x / B. 

* <J 

A 

Consider  1 I B,  + BJ  where  the  sum  is  extended  over  all  (J 
{ B1 .B  ) 1 2‘  i 


unordered  pairsi B] , B^} of  distinct  subsets  B^.B^  of  3.  Then 

(2)d  V.M  ,(x'W 

A 


1 2 
A 


lit  l I (x,B  + B ))  = Z 
i=0  xeX . { B ,B  1 1 2 i = 


l (A  - i)i 


. . 0 XeX • 

r 2 1 

A 

= I i (A  - i ) | X | < n max  i (A  - i ) . 
i=0  1 0<i<A 

In  short,(^)d  £ n max  i (A  - i ) . Since  A is  either  even  or  odd, 
^ 0<i<A 


then  A = 2t  or  A = 2t  - 1 for  some  integer  t.  Then 

( 2t  ' 1 )d  < nt(t  - 1 ) or  ( 2£)  d i nt2  s0  that  (2t  - 1 )(t  - 1 )d  < nt(t  - 1 ) 

or  t(2t  - l)d  < nt2.  Thus  J > 2t-~—  = 2 - ~ so  that  n ~~Z-  >-l 

t < — — and  finally  A < 2t  < — . QED 

-2d-n  - ~ 2d  - n 


By  applying  a result  from  Section  4,  the  following  corollary  pro- 
vides an  improvement  to  Plotkin's  bound,  often  giving  the  best  known 
upper  bound  for  A(n,d). 

Corollary  5.4.  If  d Is  odd  and  2d  > n,  then  A(n,d)  < — 

Proof.  If  d is  odd,  then  by  Theorem  4.2  we  have  A(n,d)  = 

A(n  + 1,  d + 1).  By  Theorem  5.3, 
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r 


* 


. . . x 2(d  -t-  1 }_  _ _ 2d  + 2 • QED 

A(n,d)  = A(n  + M + 1 ) 1 2(d  + 1 ) - (n  + 1 ) " 2d  - n + 1 

Corollary  5.5.  A(n,n)  = 2. 

Proof.  By  Theorem  5.3,  A(n,n)  _<  2 and  the  vectors  of  all  zeros 
and  all  ones  provide  an  example  showing  A(n,n)  _>  2.  QED 


I 


I 

I 


I 

l 


Corollary  5.6.  A(4m  - 1,  2m)  £ 4m  and  A(4m  - 2,2m)  < 2m. 

Proof.  The  proof  follows  directly  from  Theorem  5.3  • 

Corollary  5.7.  A(4m,2m)  £ 8m. 

Proof.  By  Proposition  4.3,  A(4m,2m)  £ 2A(4m  - 1,  2m).  Then  by 
Corollary  5.6,  2A(4m  - 1,2m)  £ 8m,  giving  A(4m,2m)  £ 8m.  QED 

In  [19],  Plotkin  proved  that  given  a prime  of  the  form  4m  - 1 , 
then  A(4m,2m)  = 8m.  The  existence  of  one  of  these  optimal  (4m,2m;8m)- 
codes  is  equivalent  to  the  existence  of  a Hadamard  matrix  of  order  4m. 
Further  discussion  concerning  the  existence  of  Hadamard  matrices  and 
their  use  in  code  construction  is  presented  in  Section  10. 


• • .. 


distance  between  codewords  at  least  d.  The  following  sections  present 
the  constructions  most  relevant  to  the  development  of  the  table  in 
Section  16. 

6.  Linear  Codes  and  Hamming  Codes 

As  was  mentioned  in  Section  1,  V may  be  considered  as  a vector 

n 

space  of  dimension  n over  the  field  Z^.  We  defined  a linear  code  C 

as  a subset  of  V which  is  also  a subspace.  While  linear  codes  do 
n 

not  always  give  the  greatest  number  of  codewords  for  a given  length  n 

and  minimum  distance  d,  they  are  important  in  that  they  are  practically 

implementable  through  their  matrix  representation. 

Let  C be  a linear  code  with  block  length  n.  The  set  of  codewords 

of  C can  be  considered  as  a vector  subspace  of  V . Suppose  that  C is 

n 

of  dimension  k.  Any  set  of  k basis  vectors  for  C can  be  considered 
as  rows  of  an  k x n matrix  G,  say 


9n 

912‘ 

”9ln 

^21 

922‘ 

••g2n 

9kl 

9k2' 

••9kn 

Then  a vector  of  length  n is  a codeword  of  C iff  it  is  a linear  com- 


I 

I 

I 


bination  of  rows  of  G.  If  any  two  linear  combinations  were  equal, 
there  would  be  a dependence  relation  among  rows  of  G;  therefore,  each 
distinct  linear  combination  gives  a distinct  codeword.  Since  there  are 


— 
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k coefficients  in  our  linear  combination  of  k basis  vectors  and  two 

choices  for  each  coefficient,  there  are  2 codewords  in  C. 

1/ 

The  messaqes  for  C are  the  2 binary  k-tuples.  If 
a^  = (a,,a  ,...,a  ) Is  any  binary  k-tuple,  then  aG  is  a codeword.  The 
matrix  G Is  called  the  generating  matrix  for  C.  Unless  k is  relatively 
small,  the  matrix  description  is  much  more  compact  than  a list  of  the 

L 

2 codewords. 

Remark.  Since  the  set  of  basis  vectors  for  a subspace  is  not 
unique,  the  generating  matrix  is  also  not  unique. 

Example  6.1.  Consider  a linear  code  C of  block  length  7 with 
generating  matrix 

1 0001  if 

r 0100011 

b ■ 0010101  • 

00011 10 

The  messages  are  the  sixteen  possible  binary  4-tuples.  If  we  consider 
the  message  (0011),  then  its  corresponding  codeword  is  (OOll)G  = 
(0011011).  The  remaining  fifteen  codewords  are  found  in  a similar 


manner. 

There  is  an  alternate  description  of  C through  matrices.  We 
first  consider  several  definitions.  For  x_,  y of  where 

x=  (xrx  xn)  and  y = (y^y  yn),  let  x ■ y.  denote  the 

standard  inner  product 


(x.,x9,...,xn)  • (y, ,y, yj  = *vyn  + xv  +...+x  yn. 


Next,  suppose  C is  a k-dimensional  subspace  of  V^.  Then  the  orthogonal 
space  of  C,  denoted  Cx  and  defined  by  Cx  = |x  : x ■ c = 0 for  every  c in 
C},  is  a subspace  of  V of  dimension  n - k (see  [18,p.36]).  Consider 


I 

I 


1 
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this  orthogonal  space  of  C.  Any  set  of  n - k basis  vectors  for  C 
can  be  considered  as  the  columns  of  an  n x (n  - k)  matrix  H,  say 


H = 


h, , 

h . 

..h 

11 

12 

1 ,n-k 

h , 

h . , 

. .h 

21 

22 

2,n-k 

h h . .h 
nl  n2  n,n-k 


The  matrix  H is  called  a parity  check  matrix  for  C.  By  construction, 
a binary  n-tuple  is  a codeword  of  C iff  it  is  orthoqonal  to  every 
column  of  H;  i.e.  c_  is  in  C iff  cH  = 0.  The  code  C is  said  to  be  the 
null  space  of  the  matrix  H. 

Example  6.2.  Consider  the  code  C of  block  length  7 presented  in 


example  6 1 Tho  CFthoponsI  C of  C is  of  dimension  3 3nd  h*5S 

as  a basis  the  vectors  (1011100),  (1101010)  and  (1110001).  These 
vectors  can  be  used  as  columns  to  construct  a 7 x 3 parity  check 
matrix  H for  C where 


H = 


111 

Oil 

101 

110 

100 

010 

001 


Since  (0011011 )H  = (000),  it  follows  that  (0011011)  is  a codeword  of  C. 

Thus  far  we  have  mentioned  nothing  about  the  minimum  distance  of 
our  linear  code  C.  This  is  determined  as  in 


Theorem  6.3.  Let  n = k + r.  The  following  conditions  are 

equivalent: 

(i)  The  existence  of  a k-dimensional  linear  code  C of  length  n 


I 
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with  A(a,b)  > d for  distinct  codewords  a,  b of  C; 


(11)  The  existence  of  a set  {u,,u  } of  n r-tuples  such 

~ l ~ 2 T 


that  no  d - 1 of  the  u.  are  linearly  dependent. 

i 


Proof.  Given  a k-ditnensional  linear  code  C of  lenqth  n,  let 


x, , x„,...,  x be  a basis  for  Its  r-dlmensional  orthoqonal  space  C' 
-1  -2  ~r 


Form  the  n x r matrix  H whose  columns  are  x 1 , x^, 


x and  let 
-r 


u , u . . . . , u denote  the  row  vectors  of  H. 
-1  -2  -n 


x,  x ...x 
— I — 2 —r 


H = 


a, , a . . .a 
11  cl  rl 


a12  a22‘ ' 'ar2 


a!  a0  . . .a  u 
In  2n  rn  ~n 


*1 


-2 


= ^ a t q ’ a 1 2 ’ ' ' ‘ ’ a 1 ri  ^ ’ -2  " (a21’a22’---’a2n),-»2irr  1 arl  ,ar2’ ' ' ‘ ,arn ' ' 
then  u,  = (a  ,a?  ,...,a  ),...,u  = (a.  ,a„  , . . . ,a  ) . 


-1  xan*  21’  •••’rr ' In’  2n’ 

Then  for  c = (c^  ,c2> . . . ,cn)  of  Vn,  we  have 

( c_x i , cx^  » • • • > ) 


(c-|a-|-|  + c2a]2 


+ ,"+  cna1n,cla21  + c2a22  +"'+  cna2n’ 


clarl  + c2ar2  + ‘’-  + Wn5 


(cian >cia2l «• • • »C1 arl ) +>  • , + ^cnaln’ ’ • • ,cnarn' 
= c1(a11,a21,...,arl)  +...+  cn(aln,a2n*  * * ’ 


= cl^i  + c2^2  +' 


.+  c u . 
n~n 


Thus  c is  In  C Iff  c u + c u +...+  c u =0.  If  no  d - 1 of 

* I 2 c n~n 


u i » are  dependent,  then  C cannot  contain  a nonzero  vector  nf 

1 2 m 

weight  less  than  d.  If  it  did,  say  if  there  were  a c In  C such  that 


- 1 ■-  fin  I I * 


I 


I 

I 

I 

I 
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w(c)  = d - 1,  where  c = (c,  ,c0, . . . ,c  ),  then  c has  d - 1 nonzero  coor- 

— I c n 

dinates  and  we  have 

c,u,  + c u +...+  c u + Ou  + On  + ...+  Ou  = 0, 

H 2~2  d-l-d-1  _d  U+l  ~n  - 

contradicting  that  no  d - 1 are  dependent.  Since  d is  the  minimum 
weiqht  of  codewords  of  C and  C is  linear,  then  Proposition  2.3  provides 
that  the  minimum  distance  between  distinct  nonzero  codewords  is  at 
least  d.  And  conversely.  Q ED 

We  noted  in  Section  3 that  two  codes  are  equivalent  if  one  can  be 
obtained  from  the  other  by  means  of  a combination  of  translations  and 
permutations.  In  terms  of  the  matrix  representation  of  linear  codes, 
two  codes  are  equivalent  if  their  generating  matrices  are  combina- 
torially  equivalent;  i.e.  if  one  matrix  can  he  obtained  from  the  other 
by  means  of  row  operations  and  column  permutations.  In  particular, 
each  generating  matrix  is  equivalent  to  a matrix  in  echelon  canonical 
form,  which  provides  a code  having  information  symbols  in  the  first  k 

positions  and  check  symbols  in  the  remaining  n - k positions.  Peterson 

[18,p.46]  has  taken  this  to  be  the  definition  of  a k-dimensional  sys- 
tematic code,  in  which  case  it  can  be  said  that  every  linear  code  is 

equivalent  to  a systematic  code.  We  use  the  term  systematic  in  a more 
general  sense.  As  noted  in  Section  2,  we  define  a systematic  k- 
dimensional  code  to  be  a code  with  information  symbols  in  any  k coor- 
dinates. For  example,  the  code  defined  by  the  vectors  (0001),  (0011), 
(1101),  and  (1111)  has  the  second  and  third  coordinates  as  information 
positions.  By  our  definition,  every  linear  code  is  systematic,  but 
the  converse  need  not  be  true. 


J 
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In  order  to  consider  the  error  correction  capabilities  of  a linear 
code,  we  first  define  the  syndrome  of  a vector.  Let  C be  a linear  code 
with  parity  check  matrix  H.  If  x is  any  vector  of  V^,  then  the  syndrome 
of  x is  defined  by  s = xH,  where  s is  a row  vector  of  length  equal  to 
the  dimension  of  Cx.  Recalling  that  c is  a codeword  of  C Iff  cH  = 0, 
then  the  codewords  are  precisely  those  vectors  with  syndrome  zero. 

for  example,  if  x is  a binary  15-tuplo  and  II  is  a 15  x 4 matrix. 


then  xH  is  a vector  of  lenqth  4.  If  u.,u  , ...,u  are  the  row  vectors 

I c '15 

of  H and  x = (x  ,x  , . . . ,x  ),  then  the  syndrome  of  x is 
1 c 15 


Xl-1  + X2-2  +-"+  X 1 5 ~1 5 " 

Let  C be  a code  with  minimum  distance  between  codewords  at  least 


3.  If  a codeword  c is  transmitted  across  a noisy  channel  and  one 
error  occurs,  then  a vector  b is  received  with  A(c^.b)  = 1.  Since  the 
minimum  distance  between  distinct  codewords  is  at  least  3,  we  could 


determine  the  transmitted  codeword  by  examining  the  list  of  codewords 
until  one  adjacent  to  b was  found.  If  the  list  is  small,  this  is  not 


difficult,  but  by  using  syndromes  the  problem  becomes  much  easier  no 

matter  how  large  the  list  of  codewords  may  be.  If  c is  the  transmitted 

codeword  and  b the  received  word,  then  b = c + e where  e is  called  the 

error  vector,  is  of  the  same  lenqth  as  b and  c and  has  a one  in  every 

coordinate  in  which  they  differ;  i.e.  in  which  an  error  has  occurred. 

Since  bH  = (c  + e)H  = cH  + eH  = 0 + eH  = eH,  the  syndrome  of  the 

\ 

received  word  is  the  same  as  the  syndrome  of  the  error  vector.  If 
bH  = 0,  then  b is  a codeword  and  we  must  assume  that  no  errors  occurred 
in  transmission  (although  this  may  not  be  the  case).  If  bH  is  not 
equal  to  0 (b  is  not  a codeword)  and  we  assume  that  only  one  error 


- 
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occurred  in  transmission,  then  the  error  vector  e has  a single  one,  say 
in  the  i^1'  coordinate,  and  the  syndrome  of  b equals  the  syndrome  of  e 
equals  u^  , the  ith  row  of  H.  Thus  if  a single  error  has  occurred, 
then  the  syndrome  of  the  received  word  matches  one  of  the  rows  of  H, 
givinq  the  coordinate  in  which  the  error  has  occurred.  This  will 
become  clearer  from  the  example  following  the  next  pronosition. 

The  following  result  due  to  Hamminq  [9]  guarantees  the  existence 
of  perfect  codes  for  specific  n.  The  codes  thus  determined  are  called 
Hamming  codes. 

Pronosition  6.4.  If  n = 2r  - 1 for  some  positive  integer  r, 
then  A(n,3)  = 2n'r. 

Proof.  By  Theorem  5.2,  A(n,3)  < — — -~n- — _ 9n-r 

- 1 + n = i + 2r-^  2 

Next  form  a matrix  whose  rows  are  all  nonzero  f-tuples.  Since  no  two 
rows  are  linearly  dependent.  Theorem  6.3  guarantees  the  existence  of 
an  (n  - r) -dimensional  linear  code  C with  minimum  distance  between 
codewords  at  least  3.  QED 

Remark.  For  n = 2r  - 2,  we  also  have  that  A(n,3)  = 2n'r. 

This  result  follows  directly  from  Proposition  6.5  and  Proposition  13.5. 

As  an  example,  consider  the  case  when  r = 4 so  that  n = 15.  By 

Proposition  6.4,  there  is  a code  C which  is  an  (15,3;2^ )-code;  i.e. 

C has  11  information  digits.  To  determine  C,  first  form  a matrix  H 

4 

whose  rows  are  all  possible  nonzero  vectors  of  { GF ( 2 ) } . 
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H = 


mi 

mo 

0111 

1101 

1011 

1100 

0110 

0011 

1001 

1010 

0101 

1000 

0100 

0010 

0001 


Consider  the  1 1 -dimensional  linear  code  C whose  codewords  are  those 
vectors  c = (c,  ,c„, . . . ,cic)  satisfying  the  matrix  equation 

i Z it) 

c H = 0 = (0000).  Equivalently, 

C,  + C0  + C.  + Cr  + c,  + c„  + c,  + c,  =0 

1 2 4 b 6 9 10  12 

+ c„  + c + c + r + r + c + c.  =0 
1 ^ 3 4 "6  7 11  13 

C,  + C2  + C3  * C5  * C7  + C8  + C10  + C14  ' ° 

VVVS'VV  cn  * C15 " 0 

where  these  equations  are  obtained  by  completing  the  multiplication 
of  cH.  These  equations  are  called  the  parity  check  equations  and  II  is 
the  parity  check  matrix.  Since  every  codeword  is  orthogonal  to  the  four 
column  vectors  of  H and  no  two  rows  are  linearly  dependent,  then  C can 
contain  no  codewords  of  weiqht  1 or  2.  Since  C is  linear,  the  pre- 
ceding statement  implies  that  the  minimum  distance  between  codewords  is 
at  least  3,  and  so  C is  an  (15,3;2^ )-code.  Since  the  last  four  rows 
of  II  are  independent,  we  may  consider  the  first  eleven  positions  as 
Information  symbols  and  thus  the  four  romaininq  check  symbols  are 
determined  by 


c ° c + c + c + c + c + c + c 

14  1 2 3 5 7 8 10 

c,_  = c + c + c + c + c + c + c„ 

15  1 3 4 5 8 9 11 

from  the  parity  check  equations. 

We  will  use  the  preceding  example  to  demonstrate  the  use  of  syn- 
dromes to  correct  a single  error  in  transmission.  For  example,  if 
the  received  word  is  b = (010101011001001),  the  syndrome  of  b is 
bH  = (1100).  Since  the  syndrome  of  b is  not  0,  b is  not  a codeword. 

If  we  assume  that  only  one  error  occurred  and  note  that  the  syndrome 
of  b is  equal  to  the  sixth  row  of  H,  then  the  error  will  have  occurred 


in  the  sixth  coordinate  and  the  transmitted  codeword  was  actually 
(010100011001001).  Of  course,  since  several  errors  might  have  occurred, 
this  may  be  the  wrong  answer.  We  note  that  the  possible  error  vectors 
form  the  coset  C + b of  C. 


Proposition  6.5.  If  n <_2r  -1,  then  A(n,3)  >_  2n  r. 

Proof.  For  n < 2r  - 1 , take  as  parity  check  matrix  H an  n x r 
matrix  whose  rows  are  all  distinct  and  nonzero.  The  result  follows 
from  Theorem  6.3.  QED 


Another  important  family  of  linear  codes  are  those  determined  by 
circulant  matrices.  A circulant  matrix  is  one  in  which  each  row  is 
a cyclic  shift  of  the  previous  row  by  one  place.  In  [14]  Karlin 
showed  that  the  generator  matrix  G of  many  linear  codes  of  length  n 
and  dimension  k can  be  represented  In  echelon  canonical  form  as  a 
k x k Identity  matrix  I and  one  or  more  circulant  matrices  forming 


J. 


I 

I 


the  remaining  k x (n  - k)  section  of  G which  determines  the  check  digits. 
A code  defined  in  this  manner  is  called  a ci rculant  (or  quasicycl ic) 


code. 

As  an  example,  he  noted  that  the  generating  matrix  for  the  Golay 
1 ? 

(23 ,7 ;2  )-code  can  be  written  as 


1 

1 

• 

c 

'l 

1 1 . . . 1_ 

where  C is  a ci rculant  matrix  whose  first  row  has  a one  in  the  first 
position  and  in  the  positions  corresponding  to  the  quadratic  residues 
modulo  11;  i.e.  the  first  row  is  11011100010.  He  further  showed  that 
many  quadratic,  residue  codes  (discussed  in  Section  8)  may  be  defined 
by  such  generating  matrices. 


I 

I 


7.  Cyclic  Codes  and  Codes  Based  on  Groups 
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Define  C to  be  a cyclic  code  of  length  n if  a cyclic  shift  of 

any  codeword  in  C is  also  a codeword;  i.e.  if 

a = (a  ,a  a ,a  ) is  a codeword,  then  so  is  the  vector 

n-1  n-^  1 0 

a'  = (a  a . a ).  We  note  that  polynomial  codes  are  frequently 

0 n-1 

defined  as  belnq  equivalent  to  cyclic  codes,  but  that  for  us  polynomial 
codes  are  codes  which  are  both  cyclic  and  linear.  Polynomial  codes 
will  be  discussed  in  Section  8. 

One  class  of  nonlinear  cyclic  codes  Is  derived  from  quadratic 

residues.  Let  n be  a prime  of  the  form  n = 4m  + 1 . Define  tne  vectors 

a and  b by  a = (a., a,,..., a ) where  a = 0 and  a = 1 if  i is  a 

_ _ - 0 1 n-1  0 l 

quadratic  residue  modulo  n and  a.  = 0 otherwise,  and  b = (b  ,b. , . . . ,b  ) 

i - 0 1 n-1 

where  b„  = 0 and  b.  = 1 - a . for  1 < i < n - 1.  Then  define  a code  C 

0 i i - - 

to  consist  of  all  2n  cyclic  shifts  of  a^  and  b^,  plus  the  vector  of  all 
zeros  and  the  vector  of  all  ones.  We  present  the  following  proposition, 
whose  proof  may  be  found  in  Sloane  and  Whitehead  [26]: 

Proposition  7.3.  C is  a cyclic  (4m  + 1,  2m;  8m  + 4) -code. 

We  note  that  for  m = 4 we  get  an  (17, 8; 36) -code  from  which  we  can 

derive  an  (16,7;36)-code  by  deleting  one  coordinate.  This  latter 
code  provides  us  with  the  best  known  result  for  these  values  of  n and 
d. 

Further  results  for  primes  of  the  form  4m  + 1 are  found  in  Joshi 


I 

I 

I 

I 


[12]  and  presented  as 


(i)  there  exists  an  (4m,2m;4m  + ?)-code, 

(ii)  there  exists  an  (4m, 2m  - 2;  8m  + 4)-code,  and 

(iii)  if  4m  + 1 > 5,  there  exists  an 

(4m, 2m  - [/4m  + I ] - 1;  16m  + 4)-code. 

For  primes  of  the  form  4m  - 1 , Plotkin  fl9]  provides  the  following 


results: 


Proposition  7.5.  If  4m  - 1 is  a prime,  then  A(4m,2m)  = 8m. 

Proof.  See  Plot  in. 

Corollary  7.6.  If  A(4m,2m)  = 8m,  then  A(8m,4m)  = 16m. 

Proof.  By  Theorem  4.4,  A(8m,4m)  >_  A(4m,4m)  A(4m,2n)  = 2A(4m,2m)  = 
16m.  From  Corollary  5.6,  we  get  A(8m,4m)  ± 16m.  But  then  A(8m,4m)  = 16m. 


There  are  other  constructions  for  codes  which  involve  groups.  Be- 
fore presenting  several  examnles,  we  make  some  observations. 

Let  B be  a subset  of  an  abelian  group  G and  consider  the  translates 
B + g where  g is  an  element  of  G.  In  particular,  consider  an  arbitrary 

subgroup  B of  the  abelian  group  7.  and  look  at  B + 0,  B + 1,...,B  + ( n - 1 ) 

n 

We  are  interested  in  developing  a code  from  such  translates.  Recalling 
Proposition  3.8,  by  determining  (B  + i)  + (B  + j)  and  then 
|(B  + i)  + (R  + j) | we  can  evaluate  the  distances  between  prospective 
codewords.  Using  an  alternate  approach,  we  first  consider 

Proposition  7.7.  If  A and  B are  subsets  of  an  abelian  group  G, 
then  1 (A  + i)  n (B  + j)  ! is  equal  to  the  number  of  times  ( j - i ) occurs 
in  the  list  of  differences  (a  - b : a ' A,  b t B) . 
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Proof.  We  must  exhibit  a 1 - 1 correspondence  between  the  ele- 
ments of  (A  + i)  fl  (B  + j)  and  the  SPt  of  ordered  pairs  (a,b)  with 
a e A,  b c B and  a - b = j - 1.  If  x £ (A  + 1 ) fl  (B  + j ) , then 

x = a + i and  x = b + J for  some  a c A,  b e B.  Thus  a + i = b + j 

and  a - b = j - 1.  It  is  easily  checked  that  the  mapping 
x h-  (x  - 1,x  - j)  and  its  inverse  (a,b)  a + i (=  b + j = x)  provides 
such  a correspondence.  QED 

As  a direct  result  of  the  preceding  proposition,  we  present  the 
following  corollary  without  proof: 

Corollary  7.8.  If  B + i and  B + j are  two  translates  of  the  set 
B,  then  |(B  + 1)  fl  (8  + j)|  is  equal  to  the  number  of  times  that  (j  - i 

occurs  when  considering  the  differences  between  elements  of  B. 

Remark.  If  B has  k elements,  say  B = f b] ,b  , . . . .b^  , then  there 
are  k(k  - 1)  nonzero  differences  b.  - b..  for  i t j. 

' J 

Remark.  If  A = B,  then  |A  fl  (A  + g)[  is  equal  to  the  number  of 
times  g occurs  in  the  list  of  differences  a - b for  a,  b in  A.  This 
Is  a special  case  of  Corollary  7.8  and  is  useful  in  determining  the 
number  of  elements  that  a given  set  has  in  common  with  any  of  its 
translates. 

For  example,  consider  the  abelian  group  and  a subset 
0 = ( 1,3,4,5,91.  The  differences  between  the  elements  of  D are 
±2,  +3,  +4,  ±3,  +1,  +2,  +5,  +1,  +5,  and  +4.  Then,  for  example,  the 
number  3 occurs  as  a difference  twice  so  that  Corollary  7.8  guarantees 
that  0 and  0+3  have  two  elements  in  common. 
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To  demonstrate  the  usefulness  of  these  remarks,  consider  the  group 

and  look  at  the  subset  S = {0,1,3}.  We  can  represent  S by  a 7-tuple 

a = (a„,a, , . . . ,a c)  where  a = 1 iff  i is  in  S and  a.  = 0 otherwise. 

— 0 l o i i 

Thus  the  vector  representation  for  S is  (1101000).  Consider  another 

representation,  (013),  where  i is  in  this  vector  whenever  a.  = 1 in  a • 

The  subsets  obtained  from  the  cyclic  shifts  of  this  vector  by  consec- 
utive addition  of  (111)  to  (013)  are  {0,1,3},  {1,?,4(,  {2,3,5},  {3,4,6}, 
{4,5,0;,  {5,6,1},  and  {6,0,2}.  from  Proposition  7.7  and  its  corollaries, 
these  seven  translates  of  S have  at  most  one  element  in  common;  there- 
fore, the  corresponding  seven  7-t.uples  of  weight  three  have  minimum 
distance  at  least  four  between  them.  Next  consider  the  complement  of 

S in  Z^,  namely  T = {2,4,5,61,  which  can  be  represented  by  the  7-tuple 

(0010111).  The  subsets  obtained  from  the  cyclic  shifts  of  the  rep- 
resentation (2456)  are  12,4,5,6),  {3,5,6,01,  (4 ,6 ,0 , 1 I,  (5 ,0 ,1  ,2  I , 

{6, 1,2, 3),  {0,2,3,41,  and  {1,3,4,51.  Since  the  differences  between 
distinct  elements  of  T are  +2,  ±3,  i3,  tl,  +2,  +1,  then  two  subsets 
have  at  most  two  elements  in  common  and  the  corresponding  seven 
7-tuples  of  weight  four  have  minimum  distance  at  least  four  between 
them.  Next  consider  the  list  of  differences  D between  elements  of  S 
and  those  of  T;  i .e.  D = {a  - b : a e S,  b i T}.  Then 
D = {2, 4, 5, 6,1 ,3,4,5,-! ,1 ,2,3 } and  the  translates  of  T have  at  most 
two  elements  in  common  with  the  translates  of  S.  But  then  a vector  of 
weight  three  representing  a translate  of  S can  have  at  most  two  coor- 
dinates in  common  with  a vector  of  weight  four  representing  a trans- 
late of  T.  Rut  then  the  minimum  distance  between  the  seven  vectors 


of  weight  three  and  those  of  weight  four  is  at  least  three.  By  adding 
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the  vector  of  all  zeros  and  the  vector  of  all  ones,  we  get  a cyclic 
(7,3;16)-code  proving  A(7,3)  >_  16.  But  Hamming's  bound  gives 
A(7,3)  16  so  that  A(7,3)  = 16. 

We  now  present  a noncyclic  code  determined  by  the  group 
G = x Z^.  This  group  has  nine  elements  of  the  form  (i,j)  for  i and 
.1  in  7^  and  is  representable  by  a 3x3  matrix  M whose  entries 
are  the  nine  possible  pairs  ij  of  elements  of  Z^. 

00  01  02 
M = 10  11  12 

20  21  22_ 

Next  consider  the  nine  distinct  subsets  S..  of  G obtained  by  consider- 

ij 

ing  each  of  these  nine  elements  ij  and  including  in  S—  those  elements 
remaining  after  removing  the  row  and  column  containing  ij;  i.e.  the 

4.  U | • 

1 row  and  the  j column.  For  example,  if  ij  is  00,  then 
$0Q  = (11,12,21,22).  The  remaining  eight  S_  can  be  found  by  takinq 
the  translates  of  Sgg  by  elements  g of  G,  Sgg  + q,  considering  addi- 
tion to  be  normal  coordinatewise  addition  in  G modulo  3.  By  assigning 
each  of  the  nine  elements  of  G to  a coordinate  position  of  a 9-tuple, 

we  can  derive  a vector  representation  for  the  subsets  S . If  the 

ij 

assignment  were  by  the  correspondence 

(1,2, 3, 4, 5, 6, 7, 8, 9)  «-*■  (00,01  ,02,10,11  ,12,20,21  ,22) 

then  the  subset  S would  have  (000011011)  as  its  vector  representation 
00 

By  considering  the  differences  of  elements  of  and  notinq  that  no 
difference  occurs  more  than  twice,  then  by  Corollary  7.8  no  two  trans- 
lates of  Sgg  will  have  more  than  two  elements  in  common.  Since  each 
has  four  elements,  the  corresponding  vector  representations  provide 
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nine  vectors  of  weight  four  having  at  most  two  elements  in  common,  and 
thus  at  least  distance  four  from  each  other.  Similarly,  we  can  derive 
nine  different  subsets  T of  order  four,  any  two  having  at  most  two 
elements  In  common,  by  taking  as  elements  of  T..  . those  four  i'j‘  that 
are  in  the  same  row  and  column  as  ij.  This  Drovides  another  nine  vec- 
tors of  weight  four  at  least  distance  four  from  each  other.  For 
example,  = {01,02,10,20}.  By  considering  the  differences  of 
elements  of  and  T and  applying  Proposition  7.7,  it  can  be 
determined  that  any  pairs  of  translates  of  and  T will  have  at 
most  two  elements  in  common.  Thus  we  have  eighteen  vectors  of  weight 
four  with  minimum  distance  at  least  four  between  them.  By  adding 
the  vector  of  all  zeros  and  that  of  all  ones,  we  have  a noncyclic 
(9,4;20)-code.  By  deleting  one  coordinate,  we  get  an  (8,3;20)-code, 
proving  that  A ( 8 , 3 ) > 20.  But  by  Wax’s  bound  [27],  A(8,3)  < 20, 
and  thus  A(8,3)  = 20. 


8.  Polynomial  Codes,  BCH  Codes  and  RM  Codes 
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As  w<  have  mentioned  In  the  preceding  section,  a polynomial  code 
is  one  which  is  both  cyclic  and  linear,  the  name  being  motivated  by 
the  fact  that  a code  with  these  properties  has  a polynomial  represen- 
tation. In  particular,  consider  the  factor  rinq  R = Z2[X]/(Xn  + 1 ) of 
2n  elements.  Each  residue  class  contains  a polynomial  of  degree  less 
than  n which  can  be  taken  as  its  representative,  and  there  is  a one- 
to-one  correspondence  between  these  representatives  and  the  elements 
of  the  vector  space  Vn;  hence  a one-to-one  correspondence  between 
residue  classes  and  vectors.  More  precisely,  given 
a = (an  ^ ,an  ^....ag)  of  Vn,  its  polynomial  representation  is 
a(X)  = an  ^ Xn_l  + an2  Xn"2  +...+ag.  Given  a polynomial  b(X)  of 
degree  greater  than  n,  the  polynomial  of  smallest  degree  in  the  same 
equivalence  class  can  be  found  by  dividinq  b(X)  by  Xn  + 1 , the  remainder 
being  the  desired  polynomial.  Denote  by  { a ( X ) } the  residue  class  of 
a(X),  where  a(X)  is  always  taken  as  the  polynomial  of  smallest  degree 
in  the  equivalence  class. 

Proposition  8.1.  In  the  algebra  of  polynomials  modulo  Xn  + 1, 
a subsnace  C Is  a cyclic  subsnace  iff  it  is  an  ideal. 

Proof.  Assume  C is  an  ideal  in  Z^[X]/(Xn  +1).  Then  in 

z2[x]/(xn  + 1), 

x<v/-’  * v/'2  ♦•••*  V ■ Vi'*"-'1  * V + v> 

• Vj*"'1  "n/ 

Thus  if  C is  an  ideal  and  a(X)  is  an  element  of  C,  then  Xa ( X ) is  in  C 
and  since  Xa ( X ) is  the  cyclic  shift  of  a(X),  C is  a cyclic  subspace. 


r 


Next  assume  that  C is  a cyclic  subspace.  Then  for  a (X ) in  C,  Xa(X) 
is  also  in  C and  so  for  any  1 , (X ) 1 a(X)  is  in  C.  Then  since  C is  a 
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subspace,  any  linear  combination 

a ,Xn'1(a(X))  + a Xn"2  (a (X ))  + ...+  a (a (X))  = 
n-l  n-2  0 

(a  Xn"  + a Xn'2  + ...+  a )(a(X)) 
n-l  n-2  0 

is  in  C.  Then  C is  an  ideal.  QED 


Let  g (X ) be  the  monic  polynomial  of  smallest  degree  such  that 
{ g (X ) } Is  in  an  Ideal  I in  R.  If  f(X)  is  a polynomial  of  degree  less 
than  n that  is  divisible  by  g(X),  then  { f ( X ) } Is  also  in  I.  Conversely, 
if  { f (X ) } Is  in  I,  then  f(X)  is  divisible  by  g(X).  Also,  if  g ( X ) is 
such  a polynomial,  then  g (X ) divides  Xn  + 1 and  every  monic  polynomial 
that  divides  Xn  + ] generates  a distinct  ideal  in  Z2[X]/(Xn  + 1).  The 
polynomial  g(X)  is  called  the  generator  of  the  ideal. 

From  these  remarks,  we  see  that  a polynomial  code  C is  completely 
defined  by  a polynomial  g(X)  that  divides  Xn  + 1 , called  the  gener- 
ating polynomial  of  C.  As  was  the  case  with  a general  linear  code,  a 
polynomial  code  may  also  be  expressed  in  terms  of  the  null  space  of  the 
ideal  generated  by  the  polynomial  h(X)  where  h(X)  = Xn  + l/g(X). 

Clearly  the  polynomial  h(X),  called  the  parity  check  polynomial  of  C, 
also  divides  Xn  + 1 and  can  be  used  to  generate  a code  C',  called  the 
dual  code  of  C. 

Let  g(X)  be  a divisor  of  Xn  + 1 in  Z^[X]  where  degree  g(X)  = r 
so  that  Xn  + 1 = g(X)h(X)  for  some  polynomial  h ( X ) of  deqree  k where 
n - k + r. 
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Proposition  8,2.  If  g(X)  is  a divisor  of  f(X)  is  Z^[X]/(X  + 1), 

then  there  is  a unique  polynomial  m(X)  of  degree  less  than  k such  that 
f (X)  = m(X)gCX). 

Proof.  We  know  f(X)  a m'(X)g(X)  for  some  m'(X)  in  Z^[X]/(Xn  + 1) 
since  g(X)  divides  f(X).  Then  f(X)  = m(X)g(X)  also  iff 
m'(X)g(X)  = m(X)g(X)  iff  m'(X)g(X)  = m(X)g(X)  modulo  Xn  + 1 iff 
m’(X)  sm(X)  modulo  h(X),  where  Xn  + 1 = g(X)h(X).  But  degree  h(X)  = k 
and  so  the  division  algorithm  assures  us  of  a unique  g ( X ) with  degree 
less  than  k.  QED 


The  construction  of  a polynomial  code  of  lenqth  n and  dimension  k 

follows  easily  from  the  previous  remarks.  Take  a generating  polynomial 

g ( X ) of  degree  r which  divides  Xn  + 1 where  n = k + r.  The  codewords 

will  be  elements  of  the  ideal  generated  by  g(X).  They  will  be  elements 

of  Z^[X]/(X"  + 1)  and  the  messages  will  be  those  elements  of 

Z^[X]/ (Xn  + 1 ) of  degree  less  than  k.  The  codewords  will  be  multiples 

of  the  generating  polynomial  g(X);  i.e.  if  f(X)  is  any  polynomial  of 

degree  less  than  k,  then  the  codeword  c ( X ) is  given  by  c(X)  = f(X)g(X). 

k k 

Clearly,  these  are  2 codewords  since  there  are  2 possible  messages. 

As  an  example,  consider  Z,>[X]/(X7  + 1).  In  terms  of  its  irre- 
ducible factors  X7  + 1 = (X  + 1)  (X3  + X + 1)  (X3  + X2  + 1 ) in  Z . 

3 2 

If  g (X ) = X + X +1,  let  this  correspond  to  0001101  in  V^.  Then 
Xg(X)  = X4  + X3  + X corresponds  to  0011010  in  V^,  X3g(X)  = X3  + X^  + X3 
corresponds  to  0110100,  and  X^g ( X ) ° X°  + X + X corresponds  to 
1101000.  The  rank  of  the  ideal  generated  by  g ( X ) is  7 - deg  g ( X ) = 4. 
Thus  g(X),  Xg(X),  X^q(X)  and  XJq(X)  form  a basis  for  the  vector  sub- 
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space  of  t.he  ideal  generated  by  g(X).  We  may  follow  the  same  procedure 
as  we  did  with  qeneral  linear  codes  and  take  the  corresponding  basis 
vectors  as  the  rows  of  a matrix  G . Then 


0001101 

r _ 0011010 

~ 0110100 

noiooo_ 

and  G may  be  taken  as  a generating  matrix  for  the  code  C.  As  we  have 
noted,  C is  also  the  null  space  of  the  ideal  generated  by 
h(X)  = (X  + 1)  (X3  + X + 1)  = X4  + X3  + X2  + 1 . Let  h(X)  correspond 
to  0011101,  Xh (X ) to  0111010,  and  X2h(X)  to  1110100.  Because  poly- 
nomial multiplication  and  inner  product  of  vectors  differ,  then  C is 
the  null  snace  of  a matrix  H with  rows  X^h(X),  Xh(X),  h(X)  with  the 
order  of  the  coordinates  reversed.  Then  the  parity  check  matrix  H 


is  given  by 

U - 


0010111 
r\  ■<  /nt  ■»  t /s 

U iU i i i u 


1011100 


where  GHT  = 0. 


The  message  words  for  this  code  are  polynomials  of 


1 


deqree  less  than  4.  In  vector  representation  and  with  their  corres- 
Donding  coded  form,  they  are 


0000  <-+  0000000 
0001  1101000 
0010  — 0110100 
0100  0011010 
1000  «-*.  00011 01 
0011  •*-»•  1011100 
0110  0101110 
1100  «-►  0010111 


1001  1100101 
1010  «-  0111001 
0101  x-  1110010 

mn  looono 
mo  «-+  oiooon 
noi  mini 
1011  — 1010001 
nn  looion 


Since  the  code  is  linear,  the  minimum  distance  is 


given  by  the 


minimum  weight  of  the  nonzero  words,  namely  3.  This  code  is  equiv- 
alent to  the  Hamming  (7,3;24)-code. 


1 
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A polynomial  code  can  also  be  specified  in  terms  of  the  roots  of 
its  generating  polynomial.  The  Bose-Chaudhuri-Hocquengham  (BCH) 
codes  defined  following  Theorem  8.4  are  a class  of  codes  specified  in 
this  manner.  An  easily  Implemented  decoding  Drocedure  has  been  devised 
for  them,  making  BCH  codes  Quite  important  in  a practical  sense  [1  ,Ch. 12]. 


Theorem  8.3.  [29]  Let  F be  a field  and  a a primitive  n*^1  root  of 
unity  in  some  overfield  of  F.  Let  f(X)  be  a polynomial  in  F[X]  of 
degree  less  than  n and  suppose  that  f(X)  has  d - 1 successive  powers  of 
a among  its  roots;  i.e.  for  some  Integer  t, 

f(at+^)  = 0 for  1 = 0,1,. ...d  - 2.  Then  either  f(X)  = 0 or  f ( X ) has  at 
least  d nonzero  coefficients. 

Proof.  Suppose  f(X)  has  at  most  d - 1 nonzero  coefficients  and 

m i . 

let  f (X ) = ClXm.  + Z2*™2  +---+  c,j_]X  whereO^nij  < m^  <...<  md  ^n. 

m m „ IDj 

Put  g.  = a l,  60  = a S...,  B , . = a u_l.  men  6 , 6- .... , B,  . are 
I 2 d-1  I 2 a- 1 

distinct  and  nonzero. 

By  hypothesis. 


_ rt  t+U  _ Jih(t+i)  . m2(t+i)  i 

= f(a  ) = c-j  c2a  +---+  c._,  “ 


md-^t+O 


'1  1 2 2 

Equivalently  we  have 

. t t t 

( c 1 31 , c2  , . . - » cd  _ 1 Sd  _ 1 ) 


d-1 

t+i  t+i  t+i  , 

= c,B,  + c0B0  +*  • -+  cd_i  6d_!  for  1=0,1, 


,d-2. 


*1 


1 •••  1 


1 6 & 
2 2 


*1-2 

2 


O AO 


- (0,0 0) 


Jr.  - 
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But  since  this  (d  - 1)  x (d  - 1 ) matrix  1$  nonslnqular,  then 

••',cd-lCdV  = and  ci  = c2  = " = cd_i 

f (X ) is  the  zero  polynomial.  QED 


= 0 ; i . e . 


Recalling  that  for  a linear  code  the  minimum  distance  between  code- 
words is  at  least  equal  to  the  minimum  weight  of  the  nonzero  codewords 
and  considering  Theorem  8.3,  we  present  without  further  proof 

Theorem  8.4.  Let  a be  a primitive  n^h  root  of  unity  in  some  over- 
field of  Z^.  Let  g (X ) be  a divisor  of  Xn  + 1 in  Z£[X]  such  that  g(X) 
has  d - 1 successive  powers  of  a among  its  roots.  If  C is  the  cyclic 
code  with  generating  polynomial  g(X)  in  Z [X]/(Xn  + 1),  then  C is  an 
(n,d)-code. 

An  (n,d)-code  C such  as  defined  in  Theorem  8.4  is  called  a BCH  code. 
If  n = 2^  - 1 for  some  inteqer  m,  then  C is  a primitive  BCH  code,  for 
any  other  odd  n,  the  code  is  called  nonprimi tive.  Furthermore  the 
minimum  distance  determined  by  this  construction  is  called  the  BCH 
distance  (or  designed  distance)  and  may  be  less  than  the  actual  Hamming 
distance  of  the  code  under  consideration. 

Remark.  Some  interesting  results  on  minimum  distance,  BCH  distance, 
and  the  dimension  of  polynomial  codes  of  lengths  <_  65  have  been  tabu- 
lated by  Chen  [3]  throuqh  the  use  of  a computer.  A good  general  dis- 
cussion of  BCH  codes  may  be  found  in  Peterson  and  Weldon  [18]. 

The  Reed-Muller  (RM)  codes  are  another  class  of  polynomial  codes 
specified  in  terms  of  the  roots  of  the  generating  polynomial.  The 
shortened  r^  order  Reed-Muller  code  C over  GF(2)  is  the  polynomial  code 
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of  length  2rn  - 1 whose  generating  polynomial  g(X)  is  given  by 

g(X)  = n(X  - aj) 
j 

0<s(j)<m-r 

0<j<2m-l 

where  s(J)  Is  the  number  of  digits  in  the  binary  expansion  of  j and  a 
is  a primitive  element  in  GF(2m).  The  r*^  order  Reed-Mull er  code 
over  GF(2)  is  derived  from  C by  appending  a parity  check  digit  to 
the  shortened  RM  code,  providing  a code  of  length  2. 

Proposition  8.5.  The  rth  order  RM  code  has  minimum  distance 
between  codev/ords  at  least  2m~r. 

Proof.  For  j = 1,2,... ,2m_r  -2  we  have  s ( j ) < m - r . The 
result  follows  from  Theorem  8.3.  QED 

r 

Proposition  8.6.  There  are  .Ig  ( information  symbols  in  the 
r*^  order  RM  code. 

Proof.  The  result  follows  easily  from  the  fact  that  there  are 
(^integers  j such  that  0 £ j < 2m  and  s(j)  = i.  QED 

Lettina  R = .L  lm)  the  preceding  two  propositions  clearly 
1=0  r 

show  that  the  rth  order  Reed-Muller  code  is  an  (2m,2m  r;2R)-code. 

Remark.  We  note  that  the  Reed-Muller  codes  may  also  be  developed 
in  terms  of  matrices.  A good  discussion  may  be  found  in  Peterson  and 
Weldon  [18, p. 125]. 

The  Hamming  codes  are  also  representable  in  terms  of  polynomials. 


as  shown  in 
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Proposition  ft. 7.  Let  q ( X ) be  a primitive  binary  polynomial  of 
degree  r,  n = 2r  - 1,  and  k = n - r.  The  k - dimensional  polynomial 
code  of  length  n with  generating  polynomial  g(X)  has  minimum  weight  of 
Its  nonzero  codewords  equal  to  3. 

Proof.  As  we  will  consider  both  R = Z [X]/(Xn  + 1)  and  the  field 
F = Z2[X]/(m(X)),  we  can  avoid  confusion  by  denotinq  the  residue  class 
of  X modulo  m(X)  by  n t F and  retain  X for  X modulo  Xn  + 1 in  R. 

Also,  by  Lagrange's  Theorem,  since  m(X)  is  an  irreducible  polynomial 
of  degree  r,  then  m(X)  divides  Xn  + 1 . 

Consider  f ( X ) In  Z^X],  Since  m(X)  divides  Xn  + 1 , then  f ( X ) 
will  be  divisible  by  m(X)  in  R iff  m(X)  divides  f ( X ) in  Z^[ X ] . But 
f(X)  r f)  (mod  m( X ) ) iff  f(a)  = 0 in  F.  But  then  f (X ) is  a codeword 

(f (X ) is  divisible  by  m(X)  in  R)  iff  f(a)  = 0 in  F. 

We  must  show  that  no  nonzero  codewords  are  of  weight  less  than 
3.  Suppose  that  X^  were  a codeword.  But  thena^  = 0 in  F,  a contra- 
diction. Next  suppose  that  X^  + X s were  a codeword,  for 
0 _<  s < t < n.  Then  t»t  + aS  = 0 and  a*  = aS  in  F.  This  contradicts 
the  fact  that  m(X)  is  primitive,  a beinq  a primitive  element  in  F.  QLD 

As  an  example,  consider  the  case  n = 7 (hence  r = 3,  k = 4).  A 
generating  polynomial  Is  the  primi  tlve  polynomial  X3  + X + 1 . Given  a 
message  (a^.a  ,a2,a^)  its  corresponding  codeword  is  found  by  completing 
the  multiplication  of  (a^X  + a^X  + a^X  + a^ ) ( X + X + l).For  example, 

the  message  0011  has  (X  + 1 ) (X3  + X + 1 ) = X4  + X3  + X2  + 1 ,or  0011101 

as  Its  corresponding  codeword. 

There  is  another  construction  of  polynomial  codes  from  the  quadra- 


i 


I 


45 

tic  residues.  If  n Is  a prime  of  the  form  8m  + 1 , then  g1  is  a quad- 
ratic residue  Iff  2g^ , 4g^ , 8g^ , ...  are  also.  Thus  the  set  of  quad- 
ratic residues  consists  of  one  or  more  complete  cycle  sets.  This  is 
also  true  for  the  nonresidues.  Then  Xn  + 1 factors  into 
(X  + l)9r(X)gn(X)  where  the  roots  of  gr(X)  are  the  quadratic  residues 
and  9n(X)  has  the  nonresidues  as  its  roots.  Polynomial  codes  called 
quadratic  residue  codes  may  be  constructed  by  taking  gr(X), 

(X  + l)gr(X),  g (X),  and  gp(X) (X  + 1 ) as  the  generating  polynomials. 

We  note  that  the  Golay  (23,7)-code  can  be  constructed  in  this  way 
[18, p.256]. 


I 


r 
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9.  A Class  of  Nonlinear  Codes  Derived  from  Polynomials 

Nordstrom  and  Robinson  [17]  constructed  an  optimal  nonlinear  code 
C having  length  15,  minimum  distance  at  least  5,  and  256  codewords. 

The  code  is  systematic  with  elaht  Information  positions  Xq,X^,...,X 
and  seven  check  digits  denoted  by  Yq, Y-| , . . . ,Yg.  Define  Y^  by 
X7  i Xc  | X J X.  9 Xo 
Y0  3 ® (X0  9 x ) (X  9 X2  © X3  ® X5) 

9 (X1  9 X?)  (X3  9 X ) 

where  9 denotes  addition  modulo  2.  The  remaining  Y^  are  found  by 
cyclically  shifting  X^  through  X^;  i.e.  for  Y substitute  x^+j(mocj 
for  X where  i = 0,1,..., 6 for  each  j where  j = 0,1,..., 6.  They 
calculated  that  there  were  256  codewords  and  observed  that  the  mini- 
mum distance  between  them  was  5,  proving  that  A(15,5)  >_  256.  But 
Johnson's  bound  provides  A( 1 5 , 5 ) <_  256  so  that  the  code  being  con- 
sidered is  ootimal.  In  [20],  Preparata  presented  a polynomial  rep- 
resentation for  the  Nordstrom-Robinson  code  and  formally  proved  its 
weight  distribution  and  distance  structure. 

Nordstrom  and  Robinson  further  raised  the  guestion  as  to  whether 
or  not  their  (1 5 ,5;256)-code  was  a member  of  a general  class  of  non- 
linear codes,  inspiring  Preparata  to  discover  a class  of  ODtimal  non- 
linear double-error-correcting  codes.  He  presented  the  following 
proposition,  the  proof  of  which  may  be  found  in  [21]. 


Proposl tion  9.1.  For  even  integers  m ^ 4,  there  exists  an 
(2m  - 1,  5;  22lT1-2m)-code. 


I 

I 
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This  class  of  Preparata  codes  is  important  as  they  have  straight- 
forward encodinq  and  decoding  algorithms.  They  are  also  important 
because  they  contain  twice  as  many  codewords  as  the  corresponding  BCH 
(2m-l,5;22m_1‘2m)-codes;  in  fact,  they  are  optimal  by  Johnson’s  bound, 
as  will  be  shown  in  Section  13. 


I 

I 
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10.  Constructions  Using  Hadamard  Matrices,  Conference  Matrices 
and  Combinatorial  Designs 

Several  codes  have  been  constructed  by  means  of  combinatorial 
designs,  often  providing  excellent  lower  bounds  for  A(n,d). 

For  example,  by  considering  the  intersection  of  five  lines  in  a 
plane,  Golay  [8]  determined  that  A(10,3)^_  68.  He  furthermore  determined 
from  the  results  of  his  construction  that  A ( 1 1 , 3 ) >_  136,  A(9,3)  >_  38  and 
A(8,3)  >_  20.  His  observations  were  later  improved  to  show  A(10,3)  >_  72 
and  A(1 1 ,3)  >_  144  [13]. 

Sloane  and  Whitehead  [26]  employed  Steiner  systems  in  another 
approach  to  the  same  problem.  A Steiner  system,  denoted  by  S(t,k,v), 
is  a set  of  v points  together  with  a class  of  subsets  (called  blocks)of 
size  k such  that  given  these  blocks  of  size  k,  every  set  of  t points  is 
contained  in  exactly  one  block.  Consider  the  Steiner  system  S(5,6,12)  of 
132  blocks,  a set  of  twelve  points  such  that  every  set  of  five  points  is 
contained  in  one  block  of  size  six.  But  then  these  blocks  can  have  at 
most  four  points  in  common  so  that  there  are  two  points  in  each  block 
that  are  not  in  the  other.  By  representing  each  block  as  a vector  of 
length  twelve  and  weight  six,  these  vectors  can  have  at  most  four 
coordinates  in  common  so  that  they  must  be  at  least  distance  four  from 
each  other,  and  these  vectors  form  an  (12,4;132)-code  in  which  all  code- 
words have  weight  six.  Deleting  the  first  coordinate,  we  have  a cyclic 
(11 ,3;132 )-code  with  66  words  of  weight  five  and  66  words  of  weight  six. 

By  adding  five  words  of  weight  two  which  are  coordinatewise  disjoint, 
their  five  complements  of  weiqht  nine,  and  the  word  (00000000001)  and 
its  complement,  we  have  an  (1 1 ,3;l44)-code  C^.  Half  the  words  are  of  even 
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weight  and  half  are  of  odd  weight.  Taking  the  codewords  that  are  of 
even  weight,  we  get  an  ( 11 ,4;72)-code  which  contains  a cyclic  set  of  66 
words  of  weight  six.  Deleting  a coordinate  provides  an  (10,3;72)-code 
C-jq,  having  five  words  of  weight  two,  36  words  of  weight  five,  thirty 
of  weight  six,  and  one  of  weight  ten.  By  deleting  one  coordinate  from 
the  36  words  of  weight  five  and  adding  the  vector  of  all  zeros  and  the 
vector  of  all  ones,  we  have  an  (9,3;38)-code  Cg.  Among  its  codewords 
are  18  words  of  weight  four.  By  deleting  a coordinate  from  these  and 
adding  the  vector  of  all  zeros  and  that  of  all  ones,  we  get  an 
(8,3;20)-code  Cg.  Wax's  bound  [27]  gives  A(8,3)  20  so  that  by  the 

above  construction,  A(8,3)  = 20.  The  other  codes  generated  by  this  con- 
struction are  not  known  to  be  optimal,  but  do  give  better  results  than 
any  linear  code. 

Another  code  construction  is  that  developed  from  the  theory  of 
Hadamard  matrices.  A Hadamard  matrix  is  an  orthogonal  n x n matrix 
whose  coordinates  are  the  real  numbers  +1  and  -1;  i.e.  its  rows  are  or- 
thogonal n-tuples.  It  is  known  that  Hadamard  matrices  exist  only  when 
n = 2 and  n = 4t  where  t is  a positive  integer  [2]. 


Proposition  10.1.  If  there  exists  an  n x n Hadamard  matrix,  then 
there  exists  a binary  code  of  length  n with  2n  codewords  and  minimum 
distance  at  least  i.e.  if  there  is  an  n x n Hadamard  matrix,  then 
there  exists  an  (n,^;2n)-code  (which  is  optimal  by  Plotkin's  bound). 

Proof.  Let  H be  an  n x n Hadamard  matrix. Let  S = 
be  the  set  of  2n  vectors  where  jr.  is  a row  of  H.  In  each  of  these  vec- 
tors, change  the  +I's  to  zeros  and  the  -1 ' s to  ones.  This  gives  a set 
of  2n  vectors  of  length  n.  Since  corresponding  coordinates  of  r^  and  -r< 
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are  different,  the  distance  between  jr.  and  -r.  is  n. 

Since  ±r^  and  tr^.  are  orthogonal  if  i f j,  they  must  be  the  same  in 
precisely  half  of  the  coordinates  and  differ  in  the  other  half  and  so 
are  at  distance  j.  But  then  the  minimum  distance  between  any  two  vectors 
is  at  least  QED. 

Remark  [23].  If  n = 2 for  some  integer  k,  then  the  resulting 
(2^,2^  ;2^ ) -code  Is  a linear  first  order  Reed-Muller  code.  For  those 
n which  are  not  powers  of  2,  the  Hadamard  codes  are  nonlinear. 

The  preceding  construction  involving  Hadamard  matrices  can  also  be 
approached  in  terms  of  balanced  incomplete  block  designs.  A balanced 
incomplete  block  design  is  an  arrangement  of  v objects  into  b sets  such 
that  each  set  contains  exactly  k different  objects,  each  object  occurs 
in  exactly  r different  sets,  and  any  pair  of  objects  occurs  in  exactly 
X different  sets.  The  integers  v,b,r,k,x  are  the  parameters  of  the  de- 
sign and  satisfy  dk  = vr  and  x(v-l)  = r(k-l).  The  design  is  said  to  be 
symmetri cal  if  b = v so  that  also  k = r.  Bose  and  Shrikhande  [2]  and 
others  have  proven  the  equivalence  of  Hadamard  matrices  and  block  de- 
signs for  specific  parameters.  We  present  without  proof  Proposition 
10.2,  which  may  be  found  in  [2]. 

Proposition  10.2  The  following  statements  are  equivalent: 

(i)  A(4t,2t)  = 8t;  i.e.  there  exists  an  (4t,2t;8t)-code; 

(ii)  A(4t-l,2t)  = 4t;  i.e.  there  exists  an  ( 4 1-1  ,2t;4t)-code; 

(iii)  A symmetric  balanced  incomplete  block  design  with  parameters 
v = b = 4t-l , r = k = 2 1- 1 , x = t-1  exists; 

(iv)  A Hadamard  matrix  of  order  4t  exists. 

Continuing  the  discussion  of  code  construction  involving  Hadamard 
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matrices,  Levenshtein  [15]  derives  nonlinear  codes  from  these  matrices 
and  further  shows  that  the  codes  he  constructs  are  optimal  by  Plotkln's 
bound  for  all  n 2d.  He  first  defines  a matrix  to  be  regular  If  It  Is 
of  order  n,  is  composed  of  zeros  and  ones,  and  has  the  property  that 
the  distance  between  any  two  rows  is  j.  A regular  matrix  of  order  n 
exists  iff  there  exists  a Hadamard  matrix  of  the  same  order  (cf.  the 
matrix  construction  in  the  proof  of  Proposition  10.1). 

Levenshtein's  construction  is  based  on  the  operations  of  adjunc- 
tion and  extension  of  matrices,  where  the  extension  of  a matrix  A r times, 
denoted  as  rA,  is  defined  as  the  result  of  consecutive  adjunctions  of  r 
matrices  A and  adjunction  is  defined  by:  Given 


then  the  adjunction  of  A and  B,  denoted  by  A ® B,  is  defined  by 


A ® B = 


all  a12 
a2l  a22 


alni  bll  b12*”bln2 
a2nt  b21  b22*“b2n2 


|_akl  ak2"-akni  bkl  bk2,*,bkn2J 

where  k = min  (k-|,k2).  He  then  constructs  a code  from  two  others  whose 
existence  is  guaranteed  by  results  such  as  Proposition  10.1  and  Proposition 
10.2.  By  taking  a matrix  A whose  rows  form  an  (n^ ,d1 ;A^ )-code  and  a 
j matrix  B whose  rows  form  an  (n2,d2;A2)-code  construct  a matrix  aA  ® bB 

l 

J 

J 


whose  rows  form  an  (an^d^iA^-code  where  = a^  + bn^,  d3  = ad1  + bd^, 
= min^A-pAg)  and  a and  b are  nonnegative  integers.  Using  Plotkin's 
upper  bound  on  A(n,d),  Levenshtein 's  results  provide 

Proposition  10.3.  If  d is  odd,  then  A(n,d)  = 2[gd-  ^ p]  for 

2d  + 1 > n d and  A(n,d)  = 2(n  + 1)  for  2d  + 1 = n. 

Proof.  See  Levenshtein. 

A family  of  good  nonlinear  codes  have  also  been  derived  from  confer- 
ence matrices.  An  n x n conference  matrix  Tn  = (t— ) satisfies  the  pro- 
perties that  t^ . = 0,  t.j  = +1  or  -1  for  i f j and  = (n  - l)In 
where  Ip  is  the  n x n unit  matrix.  Sloane  and  Seidel  [25]  have  noted 

that  the  necessary  conditions  for  a real  symmetric  conference  matrix  T +i 

2 2 

to  exist  are  q = 4k  + 1 and  q = a + b where  a,  b and  q are  integers. 
They  further  prove  that  the  existence  of  an  n x n conference  matrix  Tn 
is  equivalent  to  the  existence  of  a nonlinear  (n  - l,*s(n  - 2);2n)-code. 
One  code  obtainable  in  this  manner  is  a (9,4;20)-code  from  which  the 
optimal  (8,3;20)-code  can  be  derived. 


11.  Refinements  in  Code  Concatenation 


S3 

In  the  proof  of  Proposition  4.4,  Plotkin  developed  a code  of 
length  2n  by  concatenating  codewords  from  two  codes  of  length  n;  i.e. 
by  appending  the  codeword  from  one  onto  the  codeword  of  the  other. 

This  method  has  been  successfully  refined  by  both  Sloane  and  Whitehead 
[26]  and  Liu,  Ong,  and  Ruth  [16].  An  example  will  be  noted  in  this 
section  illustrating  how  this  method  has  provided  improved  lower  bounds 
for  A(n,d).  We  present  Sloane  and  Whitehead  first  as  it  appeared 
first  in  the  literature. 

Sloane  and  Whitehead  construct  an  (20^  jA^^-code  C by  combining 
an  (n,d^ ;A^ )-code  C^  and  an  (n,d^;A^)-code  C^  where  d^  = ^(d^  +1). 

A codeword  in  C is  determined  by  adding  an  arbitrary  codeword  of  C^  to 
an  arbitrary  codeword  of  C^  and  appending  the  codeword  of  C^  to  the 
result.  More  formally, 

C = C 


'1 


Cp  = { a_  $ ■ a^  e C 


where  9 is  defined  in  the 


following  way:  If  a = (a  ,a  ,...,a  j and  b = (b  ,b  ,...,b  ),  then 
_12  n ~ 1 2 n 

a 9 b = (a  +b,a  +b  ,...,a  + b ,b  ,b  ,...,b  ),  where  + is  addition 

~ ~ 1122  nnl2  n 

modulo  2.  The  resulting  code  C is  clearly  of  length  ?n.  It  remains  to 


be  shown  that  d^  is  the  minimum  distance  between  codewords  of  C and 

that  It  contains  A, A codewords.  Since  each  choice  of  codewords  a of 

1 2 ~ 

and  b of  C?  will  produce  different  results  for  ® b , there  are 

A,  A codewords  in  C.  If  a,  i a.  then  a and  a differ  in  d coor- 

dinates  and  thus  so  would  a 9 b and  a 9 b for  all  b and  b in  C . 

-1  -1  “2  “2  1 ~2  2 
If  a = a and  b i b , then  the  distance  between  the  a + b portions 
"1  “2  "1  ~2  11 

of  a 9 b and  a 9 b would  be  at  least  d„,  as  would  the  distance 
-1  -1  -7  ~2  2 

between  the  b^  coordinates,  so  that  the  distance  between  a^  9 and 


r ' 

i 
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a^  ® b^  would  be  at  least  2d^  = 2(‘*(d^  + 1))  = d^  + 1 > d^ . Thus  we 
have 

I 

Theorem  11.1.  If  C is  an  (n,d_ ;A, )-code  and  C is  an 
1 1'  2 

(n,d  ;A?)-code  where  d = ^(d  + 1),  then  C = C ® C is  an 
2 2 2 1 2 

(2n,d  ;A^A  )-code. 

The  next  proposition  is  a result  useful  In  constructing  codes  from 
other  codes.  The  proof  is  obvious  and  is  not  included. 

I Proposition  11.2.  Given  an  (n,d)-code  C,  then  the  addition  of  a 

parity  check  digit  causing  every  codeword  to  have  even  (or  odd)  parity 
produces  an  (n  + l,d)-code. 

[ By  the  Sloane  and  Whitehead  method,  combining  the  (8,3;20)-code 

of  Section  10  with  a single  parity  check  (8,2;27)-code  produces  an 

5 

(16,3;  y (2048) )-code,  better  than  any  linear  result  previously  known. 
Employing  Proposition  11.2,  we  can  derive  an  (9,4;20)-code  from  the 

O 

(8,3;20)-code.  Combining  this  with  an  (9,2;2  )-code  gives  an 

(18,4;  y (212))-code  and  so  an  (17,3;  y (212))-code.  From  the 

(9,3;38)-code  of  Section  10  and  an  (9,2;2®)-code  we  get  an 
19  l g 

(18,3;  yg-  (2  ))-code.  From  these  and  other  observations,  Sloane 
and  Whitehead  note  the  next  proposition  without  proof. 

Proposition  11.3.  For  any  block  length  n such  that 

2m  n _<  3 * 2*°"^,  there  exists  a nonlinear  (n ,3;A2n~m"^  )-code,  where 
5 19  9 

X * y , yg-  , or  £ according  as  the  binary  expansion  of  n begins 
with  1000,  1001,  or  101. 


l 


p 


» . r 


Liu,  Ong  and  Ruth  also  present  the  orecedlno  proposition  without 
proof.  We  proceed  with  their  construction,  similar  to  the  Sloane 
and  Whitehead  method,  but  more  general  in  that  the  results  may  not  be 
linear  and  the  minimum  distance  of  the  resulting  Liu-Ong-Ruth  code 
may  be  an  improvement  over  the  minimum  distance  of  either  original 
code. 

The  general  construction  of  Liu,  Onq,  and  Ruth  beqins  with  a 

L 

systematic  (n,d  ;2  /-code  which  may  or  may  not  be  linear.  Without 

loss  of  generality,  choose  such  that  the  first  k positions  of  the 
codewords  are  all  of  the  2 possible  k-tuples.  Consider  n-tuples  of 
the  form  (0k,y.)  where  £ Is  an  (n  - k ) -tuple ; i.e.  the  n-tuples  being 
considered  have  zeros  in  the  first  k coordinates.  Since  the  number  of 
these  n-tuples  is  determined  by  the  number  of  possible  y/s,  there  are 
2n~k  of  them.  Denote  these  n-tuples  by  x^  • • • ’^n-k-  Let  11  be 
the  translate  of  C1  by  x;  i.e.  U(x)  = {x.  + a.  : a.  e Cj}. 


Proposition  11.4.  The  set  of  all  vectors  of  Vn  is  partitioned 

into  2n-k  disjoint  subsets  U^),  U(x2), . . .,U(x2n-k)  corresponding  to 

the  n-tuples  x^ .x^, . ..  .x^n-k"  The  distance  between  any  two  vectors 

in  any  qiven  translate  is  at  least  d-j . 

Proof.  Since  x + a 1 f x + for  distinct  a_  in  Cj , then 

every  subset  U(£)  has  exactly  2k  distinct  n-tuples.  We  must  show  that 

Xj  + a*  x . + afor  x*  x, . If  a = a , then  clearly  x + a f x + 

H -i  -j  “2  -t  -j  ~l  ~2  “1  “I  “j 

when  x f x..  If  a f a , then  the  first  k digits  of  a are  different 

“1  ~3  ~1  ~2  \ 

from  the  first  k coordinates  of  a.  by  our  choice  of  C, . Since  the  first 

k coordinates  In  both  x.  and  x are  all  zeros,  the  first  k coordinates 

“l  “J 
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°f  + a^  must  be  different  from  the  first  k coordinates  of  Xj  + 

Thus  + ^ / Xj  + a^  and  the  subsets  U(x)  are  disjoint.  Given  any 
two  vectors  x + a^  and  x + a^  in  U(x_)  for  arbitrary  x,  their  distance 
is  equal  toMa^.a^)  wh1ch  is  at  least  d^  QED 


n-k 

Using  this  result,  the  2 translates  of  can  be  used  to  parti- 

n.  1/ 

tion  the  set  of  all  n-tuples.  Next  take  an  (n,d2;2  )-code  C2  and 
assign  to  each  translate  U(x)  a unique  codeword  of  C2«  We  can  now 
construct  a code  C of  length  2n  with  2n  codewords.  Let  £ be  any  of  the 
2n  vectors  of  Vn  and  let  f(x.)  denote  the  codeword  of  that  is 

assigned  to  the  translate  containing  x.  The  codeword  in  C is  derived 
from  the  concatenation  of  the  two  vectors  x and  x^  + f(xj,  denoted  by 
(x,x  + f(x))  where  + is  coord inatewise  addition  modulo  2 and  by  con- 
catenation we  mean  appending  the  vector  £ + f (x.)  onto  the  vector  x 
The  resulting  code  may  or  may  not  be  linear. 

For  example,  let  =(000,111,011,100}  and  C£  = ( 000,010}.  The 

translates  of  and  the  assignment  of  codewords  of  are  shown  by 

TRANSLATES  OF  C]  ASSIGNMENT 

000  111  011  100  000 

on  no  oio  101  oio 


where  each  row  on  the  left  is  a translate.  Then  the  codewords  in  C 
are  given  by 

INFORMATION  WORD 

(ELEMENTS  OF  V3)  CODEWORD  OF  C 


000 

000 

000 

001 

001 

on 

010 

010 

000 

100 

100 

100 

on 

on 

on 

101 

101 

m 

no 

no 

100 

in 

in 

in 

] 

! 

1 

] 

1 

:i 

] 

i 

i 
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Theorem  11.5.  The  code  C that  is  constructed  from  the 
(n,d^ ;2k)-code  and  the  (n.dg^0  k)-code  Is  an  (2n,d;2n)-code 
where  d ■>_  min  (2d^,d^). 

Proof.  Clearly  C is  a code  of  length  2n  by  construction.  There 

are  2n  codewords  In  C since  all  2n  vectors  of  V are  allowed  in  con- 

n 

structlon.  We  must  show  d > min  (2d  ,d  ). 

1 2 

Let  (x,x  + f(x))  and  + f(y))  be  two  codewords  in  C. 

Case  1.  Suppose  x and  £ are  in  the  same  translate  of  C^ 

Then  f(x)  = f(y)  and 

A[(x,x  + f(x)),  (y,y.+  f(y))]  = A(x.,y)  + A(x,y.)  >^v 
Case  2.  Suppose  x and  ^ are  not  in  the  same  translate  of  C^ . 

Then  f(x)  + f(y)  and 

A[(x,x  + f(x)),  (y.y.  + f(y))]  = A(x,y_)  + A(x  + f(x),y  + f(y.)) 

1 A(f(x),f(y))  = d?. 

Therefore  d > min  ( 2d^ ,d^ ) . QFD 

Remark.  Note  that  min  Ud^d^)  is  only  a lower  bound  on  the  mini- 
mum distance  d of  C.  If  2d,  < d . then  d = 2d,;  but  if  2d  > d , then 

1-2  1 1 2 

min  ( 2d^»d^ ) is  only  a lower  bound  for  d [16].  The  distance  may  be  im- 
proved by  a more  careful  assignment  of  codewords  of  C^  to  translates  of 
C-j , which  is  possible  since  complete  freedom  is  allowed  in  the  assign- 
ment. 

Remark.  If  C^  were  a linear  code,  the  codewords  of  C£  could  be 
assigned  to  the  2n_k  cosets  of  C^ . 

The  Llu-Ong-Ruth  construction  can  also  be  employed  when  C^  does 
not  have  2n"’*<  codewords.  Suppose  then  that  |C^|  a m.  If  m < 2n  k, 
select  arbitrary  m translates  of  C^  and  assign  them  to  distinct  code- 


r 
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words  of  C0.  Then  using  only  those  vectors  x of  V that  apoear  In  the 

m translates  selected,  encode  x as  (x,  x + f^x))  where  f(x)  Is  again  the 

codeword  of  assigned  to  the  translate  of  containing  x.  The 

resulting  code  C Is  an  (2n,d;m2  )-code  where  d >_m1n  (2d^  ,d^ ) . If 

m > 2n"*c,  let  m n r2n-*<.  Then  assign  to  each  translate  of  r distinct 

codewords  of  C„.  Look  at  a set  R of  r distinct  vectors  of  V . Consider 
2 n 

a one-to-one  corresoondence  between  the  vectors  in  R and  the  codewords 
assigned  to  each  translate  of  . Let  (x,^)  be  an  Information  word 

where  x Is  any  vector  In  V and  y is  a vector  in  R.  Then  (x,y)  will 

— n — 

be  encoded  as  (x,x  + f(x,^))  where  f(x,^)  denotes  the  vector  in  that 
Is  assigned  to  the  translate  containing  x and  is  in  correspondence 


with  The  result  is  an  (2n,d;r2n)-code  where  d ^ min  (2d1  ,d2) . 

To  demonstrate  that  freedom  of  assignment  produces  good  results, 
consider  the  example  presented  by  Liu,  Ong,  and  Ruth.  Taking  both 
and  C to  be  the  (8,4;2^)-code  obtained  by  appending  a parity  check 

^ 4 

digit  to  the  cyclic  ( 7 , 3 ; 2 )-code  generated  by  the  polynomial 

+ X + 1 , and  by  careful  assignment  of  codewords  of  to  the  cosets 
of  Cp  they  construct  an  (16,6;2  )-code  which  provides  an  ( 1 5 , 5 ; 2 )-code 
after  deleting  any  one  of  the  sixteen  coordinates.  This  result  also 
proves  that  A(15,5)  = 256  since  Johnson's  results  (see  Section  13)  show 
A ( 1 5 , 5 ) < 256.  By  comparison,  the  best  linear  code  only  gives 
A ( 1 5 ,5 ) > 128. 


As  another  example,  Liu,  Ong,  and  Ruth  take  a primitive  element  a 

In  GF(2m”  ) and  consider  the  (m  - 3)  order  Reed-Muller  codes,  C and 
1 

C , of  length  ?m~  obtained  by  appending  a parity  check  digit  to  the 

m-2  2j 

polynomial  code  generated  by  g(X)  = n (X  -a  ).  In  this  case,  C 

j=0  1 


1 9' ' * 

and  C are  both  (2  ,4;2  _ni)-codes.  By  carefully  assigning 

2 

t 9m  m 

2 codewords  in  C to  each  of  the  2 cosets  of  C , they  con- 

2 1 

struct  an  (2m,6;22m‘2m)-code  C.  To  Illustrate  the  value  of  this 
construction,  when  m *=  5 the  resulting  (32,6;222)-code  provides  the 
best  known  lower  bound  for  A ( 32 ,6 ) (=A(31,5)).  For  details  of  the 
assignment  of  codewords  to  cosets,  see  [16]. 
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12.  Some  Other  Important  Code  Constructions 
There  are  other  methods  for  combi nlna  codes  to  form  other  codes 
In  addition  to  those  demonstrated  In  the  preceding  section,  many  of 
which  provide  the  best  known  lower  bounds  for  A(n,d)  for  certain 
values  of  n and  d.  We  first  present  some  of  those  given  by  Sloane, 
Reddy  and  Chen  [24]. 

Construction  X.  This  construction  begins  with  an  (n^ ,d^  ;A^ )-code 

C.j  and  an  (n^,d^;A^  = bA^)-code  C^  where  C^  is  the  union  of  b disjoint 

cosets  of  C ;i.e.  C = (x  + C ) U (x  + C ) U...U  (x  + C ) for  some 
1 2 -1  1 ~2  1 -to  1 

set  of  vectors  S = {x  ,x  ,...,x  }.  Next  take  any  (n  ,d  ;b)-code  C 

I 2 b 3 3 J 

and  consider  a permutation  n of  {l,2,...,b}.  We  can  define  a one-to- 

one  mapping  m from  S onto  C by  m : x ►+  £ where  is  a code- 

3 1 n(l)  n(i ) 

word  of  C^.  Let  (x^)  denote  the  usual  vector  concatenation  and 
define  (S,}0  by  (S,y)  = {(x.,^)  : x.  e S }.  The  new  code  C4  is  defined 

by  (i>  * W)’ u % + crV)’  u--'u  (!!b  * W !’  f-e'  c2  is 

divided  into  cosets  of  C and  a different  codeword  of  C is  attached 

1 3 

to  each  coset. 


Theorem  12.1.  C is  an  (n  + n .d  ;A  )-code  where 
4 13  4 2 

d^  = min  { d^d^  + d3  }. 

Proof.  Clearly  C,  has  block  length  n,  + n„  and  A codewords.  We 
4 13  2 

must  show  that  the  minimum  distance  between  codewords  is  at  least 

min/d,  ,d  + d }.  Let  c = (x,y)  and  c = (x'.y')  be  distinct  code- 
1 1 2 3 1 ~ — 2 

words  of  C . 

4 

Case  1.  Suppose  ^ and  x'  belong  to  the  same  coset  of  C^ . Then 
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y = y'  and  a(c  ,c  ) = a(x,x')  > d 
1 ~2  ~ 1 


Case  2.  Supnose  x and  x'  belong  to  different  cosets  of  Then 


a(x.x')  > d and  A (y ,y ' ) > d qiving  a(c,,c0)  > d + d 

_ 2 3 -\  c 2 ' 


The  result  follows  easily.  QED 


Construction  X4.  This  construction  is  a generalization  of  con- 
struction X and  forms  a code  from  four  other  codes.  Take  an 


(n1  ,d1  ;A1  )-code  ^ , an  (n^d^^  = bA1 )-code  C^,  an  (n3»d1  ;A3)-code  C3 


and  an  (n  ,d^;A^  = bA3)-code  C^  where  C^  is  the  union  of  b disjoint 


cosets  of  C and  C is  the  union  of  b disjoint  cosets  of  C ; i.e. 

I H J 


C = (x  + C ) U (x  + C ) U...U  (x  + C ) and 
2 1 1 — 2 1 ~ b 


C.  = (y  + C ) U (y  + C ) U . . .U  (y  + C ) for  some  sets  of  vectors 
A 1 3 2 3 d 3 

= and  s2  = Again  let  n be  any 

permutation  of  fl,2,...,b}  and  define  a one-to-one  mapping  m from  S 


onto  S^.  Further  define  x to  be  the  set  of  all  possible  conca- 


tenations (x.,y  ) where  x e S and  y.  e S„.  The  new  code  C,_  is 
J b 1 1 J 2 5 

defined  by  C = U (x.  + C ) x (y  , + C ) ; i .e.  the  vectors  of  the 

i=1  1 n(i)  3 

itn  coset  of  C ^ (codewords  of  C^are  concatenated  in  every  possible 


way  with  the  vectors  of  the  n(i)th  coset  of  C^  (codewords  of  C ). 


Proposition  12.2.  C is  an  (n  + n ,d  ;A  A )-code  where 

5 1 3 5 2 3 


d = min  {d  ,d  + d }. 
5 12  4 


Proof.  Clearly  C has  block  length  n + n and  bA  A = A A 
5 1 3 13  2 3 


codewords.  We  must  show  that  the  minimum  distance  between  codewords 


is  at  least  min  (d  ,d  + d 1.  Let  c = (x,y)  and  c = ( x * ,y ’ ) be 
12  4 --  ~2  - L 


distinct  codewords  of  C . Note  that  if  x^  and  x1  are  in  the  same  coset 

5 


of  C , then  A(x,x')  > d , the  minimum  distance  of  C , while  if  they  are 
1 ““  “ 1 1 


J 
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in  different  cosets  of  , then  a(x,x')  > d^,  since  they  may  then  lie 
considered  more  properly  as  elements  of  C^.  Similarly  for  y and  y‘. 
Case  1.  Suppose  x and  x'  are  in  the  same  coset  of  . Then  also 

y and  y'  are  in  the  same  coset  of  C . If  x = x',  then  a(c,,c„)  = 

3 _ _ -1-2 

A(y.,y.'  ) >_  d . If  x / x',  then 

a(c  ,c  ) = a(x.x')  + a (£,£')  > d + d,  = 2d  . 

^2  1 1 1 

Case  2.  Suppose  x and  x_‘  are  in  different  cosets  of  C^  so  that 

y and  y'  are  also  in  different  cosets  of  C . Then 

3 


i (c  ,c  ) = a(x.x')  + A(y.,y.')  > d + d 
-1  ~2  “ 2 

The  result  follows.  OED 


Sloane,  Reddy  and  Chen  also  presented  the  following  three  con- 
structions which  were  originally  due  to  Goethals  [5]. 

Construction  Y1 . Consider  a linear  (n,d;2  x)-code  C and  its  dual 
r 

(n,d  ;2  l)-code  C„  and  translate  all  the  vectors  of  V so  that  the 
2 2 n 

codeword  of  minimum  weight  in  C^  is  1 1 . . . 100. . .0.  Let  S be  the  sub- 
group of  C in  which  the  first  d - 1 coordinates  are  zero.  Then  the 
th  ^ ^ 

d^  coordinates  of  S are  also  zero.  By  deleting  the  first  d^  coor- 
dinates of  codewords  in  S,  we  have  a linear  (n  - d ,d,  ;2kl_cl?  + 1 )-code. 

2 1 

Construction  Y2.  Let  L)  be  the  union  of  S and  all  of  the  d^  - 1 
cosets  of  S in  C with  coset  leaders  1 1 0n  1 01 0n  lO^2  ^10°  ^2, 

k 

where  0 represents  k consecutive  zeros.  If  we  delete  the  first  d^ 

coordinates  of  the  vectors  of  U we  have  a nonlinear 
k, -d,+l 

(n  - d ,d  -2;d  2 )-code. 

2 1 2 

d. 

Construction  Y3.  Let  U be  the  union  of  S and  all  the(  c)  cosets 
v 2) 


] 
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of  S in  C1  with  coset  leaders  of  weight  2.  By  deleting  the  first  d? 
coordinates  of  the  vectors  of  U we  get  an 
(n  - d2>d  - 4; (1  +(^2) )2ki"d2+1 )-code. 

Many  examples  for  the  preceding  constructions  as  well  as  encoding 
and  decoding  procedures  for  X and  X4  may  be  found  in  [24]. 

There  are  constructions  of  one  code  from  another  that  are  simpler 
than  those  discussed  thus  far  in  this  section.  Elementary  constructions 
can  be  developed  from  some  of  the  observations  of  Section  4 and  while 
many  of  the  results  do  not  annear  to  be  good,  they  provide  the  best 
lower  bounds  for  A(n,d)  that  are  known  for  some  values  of  n and  d.  As 
examples,  consider 

Construction  Q1 . Using  the  method  employed  in  the  proof  of 

Proposition  4.3,  a lower  bound  for  A(n,d)  can  be  derived  from  a lower 

bound  for  A(n  + l,d)  by  partitioning  the  codewords  of  an  (n  + l,d;A)-code 

C into  two  sets,  those  ending  in  0 and  those  ending  in  1.  Since  there 

are  at  least  — vectors  in  one  of  these  sets,  there  is  an  (n,d;~)-code 
2 2 

so  that  A(n,d)  >_ 

Construction  Q2.  Consider  the  last  two  coordinates  of  the  code- 
words of  an  (n,d;A)-code  C.  Since  there  are  four  possibilities  for 
these  two  positions,  the  codewords  can  be  partitioned  into  four  sets 

a 

at  least  one  of  which  contains  at  least  £ vectors.  Thus  there  is  an 

4 

(n  - 2,d;^)-code  C.  so  that  A(n  - 2,d)  > y. 

4 1 - 4 

Construction  Q3.  Given  an  (n,d;A)-code  C,  then  we  can  add  a parity 


check  digit  to  all  the  codewords  of  C,  giving  an  (n  + l,d;A)-code  C^ . 
Thus  A(n  + 1 ,d)  > A. 
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As  an  example  of  construction  Q2,  the  known  ontimal  (15,5;256)-code 
of  Nordstrom  and  Robinson  demonstrates  that  A ( 1 3 ,5 ) >_  64.  This  is  the 
best  known  lower  bound  for  A(13,5),  nearly  approaching  the*  upper  bound 
of  65  given  by  Johnson.  Similarly,  we  can  use  construction  Q3  to  de- 
rive an  (32,11 ;2048)-code  from  the  known  BCH  (31 ,11 ;2048)-code. 


J 


1 


j 

1 


J 


T 


! 


i 
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IV.  THE  PACKING  PROBLEM  AND  REFINED  UPPER  BOUNDS 
13.  Johnson's  Approach  to  the  Packing  Problem 
As  discussed  In  Section  5,  Hamming  developed  the  sphere  packing 
bound  by  surrounding  each  codeword  c with  a sphere  of  radius  e and 
counting  those  vectors  In  V^  at  most  Hamming  distance  e from  c;  i.e. 
all  those  vectors  Inside  the  e-sohere.  Dividing  the  total  number  of 
vectors  in  V^  by  the  number  of  vectors  Inside  a single  sphere,  he 
determined  an  upper  bound  for  A(n,2e  + 1).  Johnson  [10]  has  improved 
the  sphere  packing  bound  by  considering  the  set  of  vectors  not  con- 
tained in  any  of  these  spheres  and  developing  lower  bound  estimates 
on  the  cardinality  of  this  set. 

As  defined  In  Section  5,  codes  which  satisfy  the  sphere  packing 

bound  are  called  perfect  codes  and  have  the  property  that  every  vector 

in  belongs  to  exactly  one  of  the  e-soheres  about  the  codewords. 

For  a nonperfect  binary  (n,2e  + l)-code  C,  there  exists  at  least  one 

vector  of  V^  at  distance  greater  than  e from  every  codeword;  i.e.  there 

Is  a v in  V that  belongs  to  no  Sic)  for  any  c in  C,  where  S (c)  is 
— n e — — e 

as  defined  at  the  beginning  of  Section  5. 

Before  developing  the  general  Johnson  bound,  we  consider  a class 
of  binary  codes  introduced  by  Goethals  and  Snover  [6]  which  they  call 
nearly  perfect,  that  satisfy  a specialized  version  of  the  Johnson 
bound.  Define  T(c)  to  be  the  set  of  vectors  at  distance  e + 1 from  a 
specific  codeword  c and  partition  T(c)  into  the  classes 

T (c)  = U in  T ( c_)  : 3 a^  in  C.x^  e S (a)}  and 
a e 

Tg(c)  5 (£E  T(c)  : * ^ se(i.)»Va.e  C}. 


r 
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Proposition  13.1 . For  each  c c C,  | ( c ) | < [(n  - e)/(e  + 1 )](£). 

Proof.  If  x e T (c),  then  a(x,c)  = e + 1 and  x c S (a)  for  some 

— a — — - e — 

a e C so  that  A(a,x)  <_  e.  Then  a(  a,x)  + a(x,c)  ^ e + e + 1 = 2e  + 1. 
Since  a and  c are  codewords,  we  have  2e  + 1 <_  a(a,c)  and  by  the  triangle 

inequality  we  have  2e  + 1 <_  a(a,c)  <_  a(^,x)  + a(x,c)  ^ 2e  + 1 which 

gives  A(a,cj  = 2e  + 1 . Then  |T  (c  ) f)S  (a)]  =(2®  + ] ) and  so 

a e e t i 

lTa(£)l  = (2g  + ])|N2e+l^-^l  where  N2e+1^-^  is  the  set  of  codewords  at 

distance  2e  + 1 from  c.  Any  two  vectors  in  N2e+-|  (O  are  at  least  dis- 

tance 2e  + 1 from  each  other,  so  the  (2e  + l)-sets  of  positions  in 
which  they  both  differ  from  c can  have  at  most  e elements  in  common. 

But  there  are  at  most  [(n  - e)/(e  + 1)]  of  these  (2e  + l)-subsets  of 
an  n-set  sharing  exactly  e elements,  so  that 
(c)|  i [(n  - e)/(e  + 1 )](") 


2e+l 


-7FTT- 
( e + l) 

,2e  + 1 


and  thus  IMc)!  = ( e + -|)  h2e+1(c)|  ± [(n  - e)/(e  + 1)](£) 


QED 


] 


Proposition  13.2.  For  each  c e C, 

iyc)i  i (e " - c(n  - e)/(e  ♦ dj 

Proof.  Since  for  c c C,  |T  (c)|  + |T  (c)|  * |T(c)| 
— a 6 

then  the  result  follows  from  Proposition  13.1.  QED 


n 

(e  + 1 ) 


The  specialized  Johnson  bound  of  Goethals  and  Snover  is  presented 


in 


Theorem  13.3.  For  any  code  of  length  n and  minimum  distance 
2e  + 1, 

ICI  • n * (?)  * (5)  (-)  * (I)  (|4t  -[  S4|]»  - 2' 


D 

ij 

1] 

n 


I B U • - 


I 
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Proof.  There  are  at  least  I U T (c ) I vectors  of  V that  are  not 


ceC  3 


contained  in  any  e-sphere  about  a codeword  of  C.  Since  codewords  are 
at  least  distance  2e  + 1 from  each  other,  a given  vector  of  can 
belong  to  at  most  [n/(e  + 1)]  distinct  Tg(c)  for  c e C.  By  Proposition 

,3-2'  'cW£)|irK7l^TTT»e;,)-[^TO- 


But  2 > U (S  (c)  U T (c ) ) from  which  it  follows  that 
- ceC  e - 6 ~ 

2n  > |C|  [1  + (J)  + ...+  (")]  + |C|  [ 


[n/(e  + 1)]  ((e  " 1} 

MCI  +-+  (e)+rH7IFTHT(2)(^T-[Hl 


W 0)3 

G])).  QED 


Johnson's  own  result  depends  upon  the  function  R (m,r,x)  whose 
value  is  the  maximum  number  of  vectors  of  length  m and  weight  r such 
that  the  inner  product  of  any  pair  is  at  most  X;i.e.  they  have  at 
most  x ones  in  common.  Fcr  example,  the  vectors  (11100)  and  (00111) 
show  that  R(5,3,l)  _>  2.  Also  important  in  the  development  of  Johnson's 
bound  is  the  partitioning  of  Vn  into  disjoint  subsets  5.  for 
0 < i < d - 1,  where  given  an  (n,d)-code  C, 

Sg  = the  set  of  codewords;  i.e.  those  vectors  at  least  distance 
d from  each  other, 

Sk  = the  subset  of  vectors  at  distance  k from  at  least  one  of 
the  elements  of  SQ  and  at  least  distance  k from  all  of  the 
elements  of  S^. 

Thus  V = S«  U S.  U...U  S.  ..  In  terms  of  these  S . , while  Hamming 
n 0 1 d-1  i 

considered  only  the  sets  S^.S  , ...,Se>  Johnson  concentrates  on  the  prob- 
lem of  finding  a lower  bound  on  the  cardinality  of  S . 

Using  these  definitions,  we  present  an  example  of  the  specialized 


■..•■.■.A...':.  M 


A 
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version  before  proceeding  with  the  development  of  the  general  Johnson 


bound.  Consider  the  case  where  n = 18  and  d = 3 and  let  C be  an 
(18,3;A)-code  where  A = A(18,3);  i.e.  C contains  the  maximum  number  of 
codewords  for  an  (18,3)-code.  Then  there  are  A vectors  in  and 
(|®)A  = 18A  vectors  in  . We  consider  the  case  for  e + 1;  i.e.  we 
look  at  S^.  Develop  an  | | x A matrix  where  the  columns  are  indexed 
by  codewords  of  C and  the  rows  are  indexed  by  elements  of  S£.  Assign 
a one  to  those  entries  of  the  matrix  whose  indexing  codeword  is  at 
distance  two  from  its  indexing  element  of  S^,  and  assign  a zero  other- 
wise. If  N Is  the  number  of  ones  in  the  matrix,  bounds  for  N may  be 
determined  by  considering  column  and  row  sums  of  the  matrix. 

The  number  of  ones  in  any  row  Is  given  by  the  number  of  codewords 
at  distance  e + 1 (=2)  from  a given  vector  of  weight  two.  By  trans- 
lating this  vector  of  weight  two  to  the  origin,  the  problem  is 
reduced  to  choosing  disjoint  pairs  of  ones  from  the  18  coordinates; 
i.e.  for  each  element  in  there  are  at  most  [1|]  = 9 codewords  at 
distance  two.  Note  that  the  pairs  of  ones  must  be  disjoint  since  d 
is  3.  ThusN<9|S2|.  Note  that  9 1 S£ | = [^pp] |Sg  + 1 1 . Next 
consider  the  number  of  ones  in  each  column;  i.e.  the  number  of  vectors 
in  that  are  at  distance  two  from  each  codeword.  If  x^  is  any  vector 
of  V , the  number  of  codewords  at  least  distance  3 from  x is  at  most 

I O 

R(18,3,l)  = 48.  Without  loss  of  generality  and  for  simplicity  of 

discussion,  translate  V so  that  the  vector  x is  the  zero  vector.  In 

n - 

considering  the  number  of  ones  in  each  column,  we  must  subtract  those 
vectors  of  weight  two  that  are  at  distance  one  from  codewords  of 
weight  three.  Since  there  are  at  most  48  codewords  of  weight  three. 


. 


J 

1 

1 

J 

jj 

J 

1 

! 


-*-  — 
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there  are  at  most  (^)48  (=144)  vectors  of  weight  two  at  distance  one 

1 8 

from  them.  But  there  are  ( ) (=  153)  vectors  at  distance  two  from 
x,  so  there  are  at  least  153  - 144  = 9 vectors  in  and  therefore 
at  least  nine  ones  in  each  column,  so  that  N >_  9A.  Thus  9A  <_  N <_  9|$2| 

which  implies  A < |S  |.  Since  = SQ  U U S^,  then 

^ ?18 
2 = A + 18A  + > A + 18A  + A = 20A  and  finally  A < £_  = 13107, 

which  is  the  best  known  upper  bound  for  A ( 1 8 , 3 ) . 

Returning  to  the  development  of  the  general  Johnson  bound,  con- 
sider an  (n,d)-code  C where  d = 2e  + 1 and  let  c be  any  codeword  in  S . 
Without  loss  of  generality,  translate  all  vectors  in  so  that  c is 
the  vector  of  all  zeros.  Let  W^  denote  the  resulting  set  of  vectors 
in  Vn  of  weight  k and  thus  distance  k from  c.  By  Proposition  3 . 7 ( i ) , 

W has  (")  elements.  Given  i where  1 < i < e,  there  are  (?)  vectors 

l\  K * 

at  distance  i from  any  given  codeword  and  for  distinct  codewords  there 
are  distinct  such  sets  of  vectors.  These  are  simply  those  vectors 
within  the  e-spheres,  so  that  consideration  of  these  produces  the 
sphere  packing  bound.  We  would  like  to  say  that  there  are  (g 
vectors  of  weight  e + 1 for  each  codeword,  but  some  overlap  may  occur; 
i.e.  some  vectors  may  be  at  distance  e + 1 from  more  than  one  codeword. 
The  problem  is  to  determine  the  degree  of  overlap. 


Before  proceeding,  note  that  if  v.  and  y_.  are  two  vectors  of  weight 
r.  and  r respectively,  then 

ri  * rj  ‘ 2hj 4 m 

where  x is  the  number  of  coordinates  in  which  v.  and  v.  are  the  same 
ij  ^ 

and  d is  the  number  of  positions  in  which  they  differ.  For  example, 

1 J 

if  v.  = (1001)  and  v.  = (0011),  then  (l)  gives  2 + 2 = 2(1)  + 2. 

J 


Given  any  vector  in  W^,  then  that  vector  is  In  some  S..  for  i < k. 

If  P is  a codeword  of  weight  r,  then  P is  in  W n Sn.  Similarly  if 

r r r 0 

is  a noncodeword  of  weight  r,  then  Qr  Is  in  Wr  (1  for  0 < i 2 r- 

Then  by  (1)  we  have  |Wd  fl  Sq  | _<  R(n,d,e).  Given  two  vectors  in  and 

Sq,  they  are  both  of  weight  d and  thus  d^  must  be  even.  Then  d = 2e  + 

is  odd  implies  d^  2 d + 1 and  2x^ ^ + d + 1 <2d  or  x_  2 e;  i .e.  the 

number  of  coordinates  In  which  they  coincide  is  at  most  e. 

Each  of  the  codewords  Pd  has  (^)  vectors  Qg+1  in  Wg+1  n Sg 

which  are  at  distance  e from  P^.  From  (1),  d + e + 1 = 2 x^ ^ + e so 

that  x * e + 1.  Thus  each  one  that  occurs  in  the  vector  Qg+1  also 

occurs  in  the  codeword  P^.  By  the  triangle  inequality,  d = 2e  + 1 

insures  that  these  Qe+-j  are  at  distance  e from  at  most  one  codeword, 

thus  each  codeword  provides  a distinct  set  of  (^)  vectors  in  Wg+1  n Se. 

Since  every  vector  In  Wg+^  must  either  be  in  Wg+1  fl  Sp  or 

We+.|  fl  Se+.| , then  |We+j  fl  Sg+^  I 2 (e  + i ) (e)R(n,d,e). 

A vector  Qe+1  in  Wg+^  fl  Sg+i  is  at  distance  e + 1 from  at  most 

[e-  jjj-  j]  codewords.  To  show  this  result,  simply  translate  all  vectors 

in  V so  that  Q is  the  vector  of  all  zeros  and  consider  the  number 
n e+1 

of  vectors  of  weight  e + 1 that  are  at  distance  at  least  d + 1 (since 

d is  odd).  By  (1),  2(e  + 1)  = 2X_  + 2e  + 1 so  that  X = 0 and 

R(n,e  + 1,0)  = [ ± j];  i.e.  the  number  of  ways  to  choose  disjoint  sets 
of  e + 1 ones  from  n positions. 

Finally,  sum  over  all  codewords  in  Sq.  The  vectors  in  S-|,S2»...»Se 
are  counted  just  once  since,  as  was  noted,  they  are  assigned  to  distinct 
codewords,  but  the  vectors  in  Sg+^  are  counted  as  many  as  [g  + j]  times. 
Thus  divide  the  lower  bound  estimate  by  so  that  the  result  is 
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+ . . .+ 


|C|(J) 


+ Icl 


(e  ; T)  - (g)R(n»d,e) 
[n/e  + 1] 


Therefore  we  have 


Theorem  13.4.  (Johnson  Bound  [10]). 

A(n,d)  < 2n  (1  + (")  + (H)  ♦ (")+?. 

1 2 6 [n/e  + 1] 

From  the  preceding  proposition,  it  is  clear  that  Johnson's  bound 
is  extremely  dependent  on  the  values  of  the  function  R(n,d,e).  One 
bound  that  he  presented  was  R(n,d,e)  [jj[  ^ \ [ • - ■ [•[  ~~  f]]]]  where 

the  value  on  the  right  represents  nested  integral  values.  Most  of  the 
improvements  that  Johnson  has  made  in  [11]  were  improvements  on  the 
bound  for  R(n,d,e).  One  that  was  not  he  found  by  taking  a given 
(n.d)-code  C and  using  parity  check  constructions  to  derive  two 
(n  + l,d  + l)-codes,  one  having  codewords  only  of  even  weight,  the 
other  having  codewords  only  of  odd  weight.  By  developing  independent 
upper  bounds  for  each  code,  he  derived  an  improved  upper  bound  on  A(n,d) 
by  taking  A(n,d)  = min  ( Ag , Aq ) where  Ag ( AQ ) is  the  upper  bound  for  an 
(n  + l,d  + l)-code  of  only  even  (odd)  weight. 

As  a direct  result  of  Theorem  13.4,  we  have 


J })  - (g)R(n.d.e) 


Proposition  13.5.  If  n is  even,  A(n,3) 


n + 2 


Proof.  Let  n = 2m.  Then  by  Theorem  13.4, 


A(n,  3) 


1 + n + (*$)  - (f)R(2m,3,l) 

[*] 


2n/(l  + n + 1)  = 2n/(n  +2  ).  OED 


Remark.  The  bound  for  an  (18,3)-code  presented  earlier  in  this 


section  is  an  example  of  the  result  in  Proposition  13.5. 
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For  d = 5 and  n = 2m  - 1 where  m is  an  even  Integer  such  that  m .4, 
we  have 

R(2m  - 1,5,2)  <[2!Lz_L  L^f-1  [^f--]]] 

which  Preparata  [21]  reduced  to 

R(2m  - 1,5,2)  < (2m  - D(2m  - 2)(2m  - 4) 

60 

But  then  by  Theorem  13.4, 


1 


A(2m  - 1,5)  < 


1 + I2™  j ')  + I2"  l ')  t/f2”  j ')  - <|)R(2m  - 1.5,2)' 

iEui  : 


0m  i 9m  i 

i + (2  ])  + (2  - ])  +. 


(2m  - 1 


i * (27  <>  * <2V ')  * if'  - 1) 


2m-2m 


This  result  proves  that  the  Preparata  codes  presented  in  Section  9 are 
optimal . 
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14.  Inequalities  Involving  Weight  Distributions  of  Codewords 
As  another  approach  to  the  packing  problem,  an  upper  bound  for  the 


I 


function  A(n,d)  can  be  developed  by  employing  inequalities  involving  the 
weight  distributions  of  the  codewords.  In  the  case  that  the  minimum 
distance  between  codewords  is  at  least  three,  the  method  presented  in 
this  section  provides  the  sphere  packing  bound. 

Given  a code  C of  block  length  n,  let  W.  denote  the  number  of  code- 
words of  weight  i,  where  0 <_  i < n.  Clearly  C = WQ  + +...+  Wn. 

Proposition  14.1.  Given  an  (n,3)-code  C,  then 

(n  - i + l)Wi_1  + W.  + (1  + 1)W.+1  < (J). 

Proof.  Clearly  the  maximum  number  of  vectors  of  weight  i is  (!? ) , 
the  number  of  ways  of  choosing  1 ones  from  n places.  If  c is  any  code- 
word  of  weight  i - 1,  there  are  (n  - (i  - 1))  vectors  of  weight  i adja- 
cent  to  it,  none  of  which  may  be  codewords  as  their  distance  from  c is 
only  one.  Given  two  codewords  c^  and  £2  of  weight  1-1,  they  must  not 
be  adjacent  to  the  same  vector  £ of  weight  i since  by  the  triangle 
inequality  this  would  imply 

1 A(£i»v.)  + a(£2*^  = 1 + 1 = 2,  contradicting  that  the 
minimum  distance  is  three.  Similarly,  there  are  i + 1 vectors  of  weight  i 
adjacent  to  each  codeword  of  weight  i + 1,  none  of  which  are  codewords 
since  they  are  at  distance  one.  Again  by  the  triangle  inequality,  the 
sets  of  vectors  of  weight  i adjacent  to  distinct  codewords  of  weight 
i + 1 are  disjoint.  There  can  be  no  vector  of  weight  i adjacent  to  both 
a codeword  of  weight  1 - 1 and  one  of  weight  i + 1,  since  that  would  give 
distance  two  between  these  codewords.  Finally,  since  there  are  W^j 
codewords  of  weight  i - 1 and  W^+1  codewords  of  weight  1 + 1 , we  have 


(n  - i + 1 )Wi_1  + Wi  + (i  + l)Wi+r 
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QEU 


We  proceed  by  example.  Let  C be  an  (8,3)-code  and  consider  the 

O 

(°)  = 70  vectors  of  weight  four,  some  of  which  may  be  codewords.  Thus 
W4  <_  70,  but  a closer  approximation  for  W^  is  desirable.  Given  a code- 
word of  weight  five,  it  is  adjacent  to  five  vectors  of  weight  four,  none 
of  which  are  codewords  since  d is  three.  By  the  triangle  inequality,  no 
vector  of  weight  four  can  be  adjacent  to  two  codewords  of  weight  five, 
and  so  there  are  5WC  vectors  of  weight  four  adjacent  to  the  codewords 

D 

of  weight  five.  Similarly,  given  a codeword  of  weight  three,  there  are 
8-3=5  vectors  of  weight  four  adjacent  to  it,  none  of  which  can  be 
codewords.  Again  using  the  triangle  inequality,  no  vector  of  weight 
four  can  be  adjacent  to  two  codewords  of  weight  three,  so  there  are 
5W^  vectors  of  weight  four  adjacent  to  the  codewords  of  weight  three. 
Thus  5W3  + + 5Wj.  <_  70.  Continuing  these  arguments  produces  the 

following  system  of  numbered  inequalities: 

0.  W0  + Wt  1 1 

1.  8W0  + Wt  + 2W2  1 8 


2. 

7Wt  + W2 

+ 3W3 

< 

28 

3. 

6W2 

+ w3 

+ 4W4 

< 

56 

4. 

5W3 

+ W4 

+ 5WS 

< 

70 

5. 

4W4 

+ W5 

+ 6W6 

< 

56 

6. 

3W5 

+ W6  + 

7W7 

< 

28 

7. 

2W6  + 

W7  + 

8We 

< 

8 

8. 

W7  + 

w8 

< 

1 

Without  loss  of  generality,  we  can  assume  the  vector  of  all  zeros 
is  a codeword.  If  not,  we  may  translate  all  vectors  so  that  one  of 
the  codewords  becomes  the  zero  vector.  Since  the  minimum  distance 
between  codewords  is  at  least  three,  it  necessarily  follows  that 
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Adding  lines  3,  4 and  5 gives 
which  implies 

Adding  lines  4 and  5 gives 

Since  klj  = = 0, 

line  3 gives 

Adding  b,  c,  and  d gives 

which  implies 

Adding  f to  line  8 gives 


(a)  6W3  + 9^ 

(b)  2W3  + 3W4 

(c)  5W3  + 5W1( 


+ 6WS  + 6Wf  i 182 

+ 2Wr>  + 2WC  <_  [^] 
+ 6Wr  + 6Wf  < 126 
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(d)  W3  1 [3]  = 9 

(e)  8W3  + 8W4  + 8W5  + 8W&  <_  194 

1 Q4 

(f)  W3  + W4  + W5  + W6  <_  [~]  = 24 

(g)  W3  + W4  + W5  + W6  + W?  + WQ  <_  25 


8 

Since  W„  « 1 and  W.  = W,  = 0,  then  I Cl  = z W.  < 26  and  it  follows 

0 l c 1 1 i=o  i — 

that  A(8,3)  <_  26. 


Considering  only  those  inequalities  involving  Wk  in  a general 
system  of  inequalities,  for  any  k we  have 
(n-k+2)Wk_2  ♦ + kWk 

(n-k+1 )Wkl  + Wk  + (k+l)Wk+] 

(n-k)Wk  + Wk+1  + (k+2)Wk+2 


Adding  all  n + 1 lines  in  the  system,  the  sum  of  the  left  sides  of  the 
inequalities  is(n  + IX^q  + W-j  +...+  W^)  and  the  sum  of  the  binomial 
coefficients  on  the  right  is  2n;  i.e.  the  inequality  resulting  from  the 
sum  is  (n  + 1)|C|  1 2n  or  |C|  <_  2n/(n  + 1).  Thus  A(n,3)  <_  2n/(n  + 1), 
the  sphere  packing  bound  for  d = 3.  In  the  preceding  example,  the  inte- 
gral nature  of  the  sum  to  the  left  of  the  inequality  allowed  replacement 

of  values  on  the  right  by  the  greatest  integer  in  them.  For  example, 

182  182 

-j—  was  replaced  by  [-j-].  Such  replacements  provided  an  improvement 
over  the  sphere  packing  bound  for  A(8,3),  which  is  28.4.  A further 
result  using  this  system  of  inequalities  is  presented  in  Section  15. 


r 

V.  COLLECTED  RESULTS 

15.  An  Exemplary  Result  on  Weight  Distribution 

Many  results  have  been  presented  using  the  weight  distribution  of 

codewords.  In  Section  14,  such  a distribution  was  used  to  develop 

inequalities  helpful  in  determining  an  upper  bound  for  A(n,d).  It  was 

also  noted  that  adding  the  system  of  inequalities  produced  the  sphere 

packing  bound.  For  perfect  codes,  such  as  the  Hamming  codes,  the 

sphere  packing  bound  is  realized  and  the  inequality  derived  by  totalling 

the  entire  system  must  actually  be  strict  equality,  which  implies  that 

strict  equality  must  hold  for  each  line  of  the  system.  In  these  cases, 

the  exact  weight  distribution  of  the  codewords  can  be  determined. 

As  an  example,  consider  the  Hamming  (15,3;2^  )-code  C.  Without  loss 

of  generality,  assume  that  the  zero  vector  is  a codeword.  If  it  were 

not,  translate  all  vectors  in  V1C  so  that  the  zero  vector  becomes  a 

l b 

codeword.  Let  W.  denote  the  number  of  codewords  of  weight  i.  Thus 
15  1 

| C | = £ W..  By  Proposition  14.1, 

i=0  1 

( n - ( i - l))W.j  ^ + W..  + (i  + l)Wi+i  <_  (”?).  Since  we  are  concerned  with 
a perfect  Hamming  code,  there  must  be  strict  equality  in  all  equations; 
i.e.  (n  - (i  - 1 ) )W.  ^ + W.  + (i  + l)W..+.j  = (")•  The  system  of  equations 
is: 
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Since  we  assumed  that  the  zero  vector  is  a codeword  and  the  minimum  dis- 
tance between  codewords  is  at  least  three,  we  must  have  WQ  = 1 , = 1^  - 0. 

By  solving  successive  equations,  the  weight  distribution  is  given  by 


Wo  = 

1 

W4 

= 105 

w8 

= 435 

Wl2  = 

35 

w = 

0 

Ws 

= 168 

Wg 

= 280 

W\  3 = 

0 

Wa  = 

0 

w6 

= 280 

W,  0 

= 168 

Wi4  = 

0 

w3  = 

35 

w7 

= 435 

Wu 

= 105 

Wl5  = 

1 

] 

] 

J 

- 


R 
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16.  A Table  of  the  Best  Known  Bounds  for  A(n,d) 

This  section  contains  a table  of  the  best  known  upper  and  lower 
bounds  for  A(n,d)  for  selected  n and  d.  The  results  are  listed  in  order 
first  by  values  of  d and  then  by  values  of  n for  a given  d.  We  note  that 
extensive  tables  of  upper  and  lower  bounds  are  presented  by  Johnson  [11] 
and  Sloane  [23]  respectively. 

The  columns  of  Hamming  bounds  in  our  table  are  headed  by  an  H,  those 
of  Plotkln  by  a P,  and  those  of  Johnson  by  a J.  We  list  as  Plotkln  bounds 
the  best  values  among  those  derived  from  Proposition  4.3,  Theorem  5.3  and 
Corollary  5.4.  Those  values  of  the  Johnson  bound  noted  by  an  are 
actually  Johnson's  improvement  to  Wyner's  bound  (discussed  in  [11]  and 
those  noted  by  an  '+'  are  rounded  (as  they  appear  in  the  table  given  in 
[11]).  Values  of  the  Plotkin  and  Johnson  bounds  are  often  given  only  for 
those  cases  where  they  provide  the  best  result  (i.e.  for  n <_  2d  and 
n > 2d  respectively),  while  that  of  Hamming  is  always  listed  for  compari- 
son. 

The  reference  for  the  best  upper  bound  is  either  coded  with  an  M,  P 
or  J or  with  the  reference  in  which  it  appears.  For  example,  A(14,3) 

1024  is  due  to  Johnson  (coded  J)  and  A(8,3)  <_  20  is  due  to  Wax  (coded  [27]) 
The  best  lower  bound  listed  in  the  table  is  referred  to  by  type  of  code, 
which  may  be  identified  according  to  the  list  below.  Also  noted  in  the- 
list  (when  applicable)  are  the  section(s)  of  this  paper  in  which  the  type 
is  discussed  and  at  least  one  reference  in  which  it  appears. 

I 
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S3 


B = BCH  code  (8;[18,Ch.9j) 

H = Hadamard  code  (10;[l5j) 

HA  = Hamming  codes  (6,8;[9]) 

J = Conference  matrix  code  (10;[25]) 

K = Circulant  code  ( 6 ; [ 1 4] ) 

L = Linear  code  (6;[15],[18,Ch.3],[23]) 

N = Nonlinear  code  (-;[23]) 

NRP  = Nordstrom- Robinson -Prepara ta  code  (9;[17],[20],[21]) 

P = Polynomial  codes  (8;[ 3] ,[18,Ch.8] ) 

QR  = Quadratic  residue  code  (8;[18, p.256]) 

Q1  = Code  from  construction  Q1  (12;-) 

Q2  = Code  from  construction  Q2  (12;-) 

Q3  = Code  from  construction  Q3  (12;-) 

RM  = Reed-Muller  code  (8;[18,p.l25]) 

XB  = Code  from  construction  X applied  to  BCH  codes  (12;[24]) 

XC  = Code  from  construction  X applied  to  polynomial  codes 

(12;[24]) 

XP  = Code  from  construction  X applied  to  Prepara ta  .code 
(12;[24]) 

X4  = Code  from  construction  X4  (12; [24]) 

Y1  = Code  from  construction  Y1  (12;[5j) 

Y2  = Code  from  construction  Y2  (12;[5]) 

Y3  = Code  from  construction  Y3  (12; [5] ) 

2 = Code  formed  by  concatenation  (11  ;[16],[26]) 


' 
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d = 3 


H 

P 

J 

LOWER 

REF 

UPPER 

REF 

3 

2 

_ _ 

2 

HA 

2 

H 

4 

3 

2 

-- 

2 

HA 

2 

P 

5 

5 

4 

- - 

4 

HA 

4 

P 

6 

9 

8 

— 

8 

HA 

8 

P 

7 

16 

16 

16 

16 

P 

16 

HPJ 

8 

28 

32 

25 

20 

N 

20 

[27] 

9 

51 

40 

51 

38 

N 

39 

[27] 

10 

93 

78 

81 

72 

N 

78 

P 

11 

170 

156 

160 

144 

N 

154 

[27] 

12 

315 

308 

292 

256 

HA 

292 

J 

13 

585 

584 

585 

512 

HA 

584 

P 

14 

1092 

1024 

1024 

1024 

HA 

1024 

Pd 

15 

2048 

2048 

2048 

2048 

HA 

2048 

HPJ 

16 

3855 

3604 

2560 

Z 

3604 

J 

17 

7281 

. - 

7084 

5120 

Z 

7084 

J 

18 

13797 

- . 

13107 

9728 

Z 

13107 

J 

19 

26214 

-- 

26214 

19456 

z 

26214 

HJ 

20 

49932 

— 

47662 

36864 

z 

47662 

J 

21 

95325 

-- 

95325 

73728 

z 

95325 

H 

22 

182361 

-- 

173709 

147456 

z 

173709 

J 

23 

349525 

— 

344308 

294912 

z 

344308 

J 

24 

671008 

— 

645277 

219 

HA 

645277 

J 

25 

1290555 

-- 

1291000 

t 

2^  o 

HA 

1290555 

H 

26 

2485514 

-- 

2397000 

t 

22 1 

HA 

2397000 

J 

27 

4793492 

-- 

4793000 

t 

222 

HA 

4793000 

J 

28 

9256399 

-- 

8921000 

t 

22  3 

HA 

8921000 

J 

29 

17895706 

-- 

17730000 

t 

£24 

HA 

17730000 

J 

30 

34636850 

-- 

33550000 

t 

22  5 

HA 

2*5 

H 

31 

67108896 

-- 

67110000 

t 

2 2 6 

HA 

2 2 6 

H 

32 

1 301 5024 

-- 

126300000 

X 

5 * 22“* 

Z 

126300000 

J 

33 

252645248 

-- 

252600000 

+ 

5*  225 

Z 

252600000 

J 

34 

490853619 

-- 

476100000 

t 

5-  226 

Z 

476100000 

J 

35 

954437581 

-- 

948200000 

t 

5 • 227 

Z 

948200000 

J 

r ■- 
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d = 5 


H 

P 

J 

LOWER 

REF 

UPPER 

REF 

5 

2 

2 

.. 

2 

L 

2 

HP 

6 

2 

2 

-- 

2 

L 

2 

HP 

7 

4 

3 

3 

2 

L 

3 

PJ 

8 

6 

4 

4 

4 

L 

4 

PJ 

9 

11 

6 

8 

6 

H 

6 

P 

10 

18 

12 

13 

12 

H 

12 

P 

11 

30 

24 

24 

24 

H 

24 

PJ 

12 

51 

48 

35 

32 

NRP 

35 

J 

13 

89 

70 

65 

64 

NRP 

65 

J 

14 

154 

130 

129 

128 

NRP 

129 

J 

15 

270 

258 

256 

256 

NRP 

256 

J 

16 

478 

— 

427 

256 

XP 

427 

J 

17 

851 

-- 

851 

512 

XP 

851 

HJ 

18 

1524 

— 

1424 

1024 

XP 

1424 

J 

19 

2744 

— 

2427 

2048 

XP 

2427 

J 

20 

4969 

— 

4741 

2560 

X4 

4741 

J 

21 

9039 

-- 

8651 

4096 

L 

8651 

J 

22 

16513 

-- 

14931 

ol  3 

L 

14931 

J 

23 

30283 

— 

29214 

2l4 

L 

29214 

J 

24 

55738 

-- 

53382 

2 

B 

53382 

J 

25 

102927 

-- 

95596 

215 

B 

95596 

J 

26 

190650 

-- 

190650 

216 

B 

190650 

HJ 

27 

354136 

-- 

341327 

217 

B 

341327 

J 

28 

659547 

— 

616070 

218 

B 

616070 

J 

29 

1231356 

-- 

1227000 

+ 

219 

B 

1227000 

U 

30 

2304169 

-- 

2226000 

t 

220 

B 

2226000 

J 

31 

4320896 

-- 

4035000 

+ 

221 

B 

4035000 

J 

32 

8119030 

-- 

7967000 

t 

222 

B 

7967000 

J 

33 

15284594 

-- 

14850000 

t 

222 

NRP 

14850000 

J 

34 

28825307 

-- 

27090000 

t 

NRP 

27090000 

J 

35 

54452876 

-- 

53640000 

t 

224 

NRP 

53640000 

J 

36 

103027701 

— 

100100000 

t 

225 

NRP 

100100000 

J 

37 

195225921 

-- 

185300000 

t 

NRP 

185300000 

J 

38 

370455643 

-- 

369800000 

t 

227 

NRP 

369800000 

J 

39 

703912913 

-- 

687000000 

t 

A^O 

NRP 

687000000 

J 

40 

1339235024 

-- 

1277000000 

t 

229 

NRP 

1 277000000 

J 

' 
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d = 7 


H 

P 

J 

LOWER 

REF 

UPPER 

REF 

7 

2 

2 

2 

L 

2 

HPJ 

8 

2 

2 

-- 

2 

L 

2 

HPJ 

9 

3 

2 

— 

2 

L 

2 

HPJ 

10 

5 

3 

3 

2 

L 

3 

PJ 

11 

8 

4 

5 

4 

L 

4 

P 

12 

13 

5 

9 

4 

RM 

5 

P 

13 

21 

8 

14 

8 

Rtf 

8 

P 

14 

34 

16 

22 

16 

RM 

16 

P 

15 

56 

32 

32 

32 

RM 

32 

PJ 

16 

94 

64 

54 

36 

J 

54 

J 

17 

157 

108 

102 

64 

QR 

102 

J 

18 

265 

— 

167 

128 

QR 

167 

J 

19 

451 

— 

293 

256 

QR 

293 

J 

20 

776 

-- 

529 

512 

QR 

529 

J 

21 

1342 

— 

1047 

1024 

QR 

1047 

J 

22 

2337 

— 

2071 

2048 

QR 

2071 

J 

23 

4096 

— 

4096 

4096 

QR 

4096 

HJ 

24 

7216 

-- 

6939 

4096 

Q3 

6939 

J 

25 

12777 

-- 

11889 

4096 

K 

11889 

J 

26 

22733 

-- 

20436 

2* 3 

K 

20436 

J 

27 

40622 

-- 

40518 

214 

K 

40518 

J 

28 

72885 

-- 

70002 

214 

K 

70002 

J 

29 

131264 

-- 

121711 

2i5 

K 

121711 

J 

30 

237238 

-- 

212229 

2^6 

K 

212229 

J 

31 

430185 

— 

414950 

2 1 6 

Q3 

414950 

J 

32 

782468 

— 

760242 

2l7 

L 

760242 

J 

33 

1427375 

-- 

1337000 

t 

1 9 * 2 1 3 

Z 

1 337000 

J 

34 

2610925 

-- 

2366000 

t 

g.  2'  ^ 

z 

2366000 

J 

35 

4788148 

-- 

4642000 

t 

g.  2 1 6 

z 

4642000 

J 

36 

8802294 

-- 

8526000 

+ 

2^0 

L 

8526000 

J 

37 

16218914 

— 

15430000 

t 

22l 

L 

15430000 

J 

38 

29949677 

-- 

27510000 

t 

222 

L 

27510000 

J 

39 

55418954 

— 

54120000 

t 

22  3 

L 

54120000 

J 

40 

102748568 

-- 

99860000 

t 

224 

L 

99860000 

J 

41 

190854430 

-- 

181700000 

t 

225 

L 

181700000 

J 

42 

355139638 

-- 

332100000 

t 

226 

L 

332100000 

J 

43 

661958021 

-- 

662000000 

t 

227 

L 

661958021 

H 

44 

1235840934 

-- 

121000000 

t 

2 28 

L 

121000000 

J 

45 

2310809215 

— 

221500000 

t 

229 

L 

221500000 

J 
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d = 9 


H 

P 

J 

LOWER 

REF 

UPPER 

REF 

9 

2 

2 

2 

L 

2 

HPJ 

10 

2 

2 

— 

2 

L 

2 

HPJ 

11 

3 

2 

— 

2 

L 

2 

P0 

12 

5 

2 

— 

2 

L 

2 

P 

13 

7 

3 

-- 

2 

L 

3 

P 

14 

11 

4 

-- 

4 

L 

4 

P 

15 

16 

5 

— 

4 

Q3 

5 

P 

16 

26 

6 

— 

6 

H 

6 

P 

17 

40 

10 

-- 

10 

H 

10 

P 

18 

64 

20 

-- 

20 

H 

20 

P 

19 

104 

40 

44 

40 

H 

40 

P 

20 

169 

80 

70 

40 

Q3 

70 

J 

21 

277 

140 

135 

48 

H 

135 

J 

22 

460 

270 

230 

52 

J 

230 

J 

23 

769 

-- 

416 

80 

Y2 

416 

J 

24 

1295 

-- 

757 

160 

Y2 

757 

J 

25 

2196 

-- 

1308 

320 

Y2 

1308 

J 

26 

3748 

-- 

2266 

320 

Q3 

2266 

J 

27 

6436 

-- 

3934 

512 

B 

3934 

J 

28 

11111 

-- 

6774 

1024 

B 

6774 

J 

29 

19283 

-- 

13213 

2048 

B 

13213 

0 

30 

33626 

-- 

23294 

3072 

Y2 

23294 

J 

31 

58904 

-- 

41885 

6144 

Y2 

41885 

0 

32 

103620 

-- 

82275 

12288 

Y2 

82275 

0 

33 

183006 

- - 

161669 

24576 

Y2 

161669 

J 

34 

324417 

-- 

318806 

49152 

Y2 

318806 

J 

35 

577125 

— 

559732 

98304 

Y2 

559732 

J 

36 

1030092 

-- 

979100 

t 

98304 

Q3 

979100 

J 

37 

1844350 

1713000 

+ 

2 „ 

QR 

1713000 

J 

38 

3312066 

-- 

3001000 

t 

2^  8 

QR 

3001000 

J 

39 

5964528 

-- 

5957000 

t 

219 

A A 

QR 

5957000 

J 

40 

10769930 

-- 

10470000 

t 

2 2 0 

QR 

10470000 

J 

41 

19496291 

-- 

18520000 

+ 

T 

221 

QR 

18520000 

J 

42 

35378565 

32790000 

t 

221 

O O 

QR 

32790000 

J 

43 

64346962 

58170000 

t 

2 * 

QR 

58170000 

J 

44 

117292285 

- - 

11410000 

t 

j23 

QR 

11410000 

0 

45 

214250302 

-- 

210000000 

t 

224 

QR 

210000000 

J 
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d = 11 


H 

P 

J 

LOWER 

REF 

UPPER 

REF 

11 

2 

2 

2 

L 

2 

HPJ 

12 

2 

2 

— 

2 

L 

2 

HJ 

13 

3 

2 

— 

2 

L 

2 

PJ 

14 

4 

2 

-- 

2 

L 

2 

P 

15 

6 

3 

2 

L 

3 

P 

16 

9 

3 

2 

L 

3 

P 

17 

13 

4 

-- 

4 

L 

4 

P 

18 

20 

4 

-- 

4 

Q3 

4 

P 

19 

31 

6 

— 

4 

H 

6 

P 

20 

48 

8 

-- 

8 

B 

8 

P 

21 

75 

12 

-- 

12 

H 

12 

P 

22 

118 

24 

— 

24 

H 

24 

P 

23 

188 

48 

55 

48 

H 

48 

P 

24 

302 

96 

91 

52 

J 

91 

J 

25 

490 

182 

168 

64 

Q1 

168 

J 

26 

801 

308 

128 

L 

308 

J 

27 

1321 

-- 

585 

128 

B 

585 

J 

28 

2192 

-- 

934 

256 

B 

934 

J 

29 

3662 

-- 

1713 

512 

B 

1713 

J 

30 

6155 

-- 

2793 

1024 

B 

2793 

J 

31 

10406 

-- 

5051 

2048 

B 

5051 

J 

32 

17687 

-- 

9261 

2048 

Q3 

9261 

J 

33 

30217 

-- 

15673 

2048 

Y1 

15673 

J 

34 

51869 

-- 

29068 

4096 

Y1 

29068 

J 

35 

89439 

-- 

48788 

8192 

Y1 

48788 

J 

36 

154876 

-- 

84807 

8192 

QR 

84807 

J 

37 

269268 

-- 

147754 

2l* 

QR 

147754 

J 

38 

469929 

261878 

^ ^ 

QR 

261878 

J 

39 

823076 

-- 

511381 

^ l 6 

QR 

511381 

J 

40 

1446537 

-- 

914100 

t 

2xl 

QR 

914100 

J 

41 

2550509 

-- 

1597000 

4. 

T 

QR 

1597000 

J 

42 

4510901 

. - 

2920000 

.u 

219 

QR 

2920000 

J 

43 

8001576 

561 3000 

t 

2 2 0 

QR 

5613000 

J 

44 

14233252 

— 

10480000 

t 

2?.l 

QR 

10480000 

J 

45 

25385952 

— 

20670000 

t 

222 

QR 

20670000 

J 
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d = 13 


H 

P 

J 

LOWER 

REF 

UPPER  REF 

13 

2 

2 

.. 

2 

L 

2 

HPJ 

14 

2 

2 

-- 

2 

L 

2 

HPJ 

15 

3 

2 

-- 

2 

L 

2 

PJ 

16 

4 

2 

-- 

2 

L 

2 

P 

17 

6 

2 

-- 

2 

L 

2 

P 

18 

8 

3 

— 

2 

L 

3 

P 

19 

11 

3 

— 

2 

L 

3 

P 

20 

17 

4 

-- 

4 

L 

4 

P 

21 

25 

4 

— 

4 

Q3 

4 

P 

22 

38 

5 

— 

4 

Q3 

5 

P 

23 

57 

7 

-- 

6 

H 

7 

P 

24 

88 

9 

-- 

8 

L 

9 

P 

25 

136 

14 

— 

14 

H 

14 

P 

26 

213 

28 

-- 

28 

H 

28 

P 

27 

337 

56 

71 

56 

H 

56 

P 

28 

537 

112 

117 

60 

J 

112 

P 

29 

863 

224 

202 

64 

RM 

202 

J 

30 

1397 

-- 

385 

64 

Q3 

385 

J 

31 

2278 

-- 

692 

72 

H 

692 

J 

32 

3737 

— 

1229 

76 

j 

1229 

J 

33 

6171 

— 

2144 

128 

XA 

2144 

J 

34 

10249 

— 

3832 

★ 

256 

XA 

3832 

J 

35 

17117 

-- 

6244 

512 

XA 

6244 

J 

36 

28734 

-- 

10828 

1024 

XA 

10828 

J 

37 

48475 

— 

19587 

2048 

XA 

19587 

J 

38 

82160 

— 

34069 

2048 

Q3 

34069 

J 

39 

1 39867 

-- 

57463 

2048 

P 

57463 

J 

40 

239103 

-- 

105009 

4096 

P 

105009 

J 

41 

410374 

-- 

193993 

819^ 

P 

193993 

J 

42 

706994 

-- 

320073 

2 s 

P 

320073 

J 

43 

1222401 

-- 

551600 

t 

P 

551600 

J 

44 

2120807 

-- 

1017000 

t 

2 1 5 

Q3 

1017000 

J 

45 

3691557 

-- 

1807000 

t 

2 1 5 

Q3 

1807000 

J 

46 

6445784 

-- 

3217000 

t 

A l J 

Y2 

3217000 

J 

47 

11288604 

-- 

5708000 

.j- 

2 ‘ 6 

Y2 

5708000 

J 

48 

19826557 

-- 

9678000 

t 

Z'l 

Y2 

9678000 

J 

49 

34917638 

-- 

17370000 

t 

2^8 

Y2 

17370000 

J 

50 

61657252 
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CHAPTER  I 


ASSOCIATION  SCHEMES 

§0.  Introduction 

The  term  association  scheme  was  first  introduced  in  1952  by 
Bose  and  Shimamoto  CT J • However,  the  concept  of  association  scheme 
is  inherent  in  the  definition  of  partially  balanced  designs  which 
were  introduced  by  Bose  and  Nair  [6]  in  1939-  Association  schemes 
are  very  important  combinatorial  structures,  being  closely  related  to 
projective  planes,  projective  spaces  and  t - designs. 

Let  X be  a set  of  v elements  and  denote  by  P2(x)  the 
complete  graph  on  X , i.e.  the  set  of  i v (v  - 1)  unordered  pairs 
{x,y}  ,x,yeX,x(=y.  Any  subset  of  P2(X)  will  be  called  a 
graph  on  X . By  an  m-class  association  scheme  on  X we  mean  a 
partition  S = jG^,  G2,  •••,  Gm|  of  Pg(X)  into  m non-empty 
graphs  G^  for  which: 

(i)  there  are  integers  n^,  1 < i < m , such  that  for  any 
x e X , the  number  of  y e X with  |x,y{  e G^  is 
precisely  n^  (each  of  the  G^  is  regular  of 
valence  n. ) , 

i 

(ii)  there  are  integers  Pj*  ' 


1 < i , j , 


k < m such  that  for 


2 


any 

(x  ,y ! c Gi 

the 

number  of  z c X with  Jx,z|  e G. 

J 

and 

|y>z)  e Gk 

is 

precisely  p^k  . 

: G. 

1 

we  say  x 

and 

y are  i-th  associates.  The  numbers 

v,  m,  n.  , p^.,_  are  called  the  parameters  of  S . 

1 j ic 

SI.  Two  class  association  schemes 

For  the  case  m = 2 there  are  eleven  parameters, 

12  112  2 2 

v,  n±,  n2,  plx,  p22,  p12,  p22,  p12,  p21,  pi;L  . It  is  clear  that  the 

scheme  is  completely  determined  by  G-^  alone.  If  a pair 

jx,y)  4 G^  then  it  must  be  an  element  of  G2  . Therefore,  when 

m = 2 we  call  a strongly  regular  graph  with  parameters 

1 2 

(ni’  ' As  this  d-efini'tion  woul(i  imply,  the  parameters 

of  an  association  scheme  are  by  no  means  all  independent.  When 

1 2 

m = 2 , all  parameters  can  be  determined  from  n^,  p^  , p^, 
and  v . The  relationships  among  parameters  will  be  discussed  more 
extensively  in  Chapter  2. 

The  Petersen  graph  is  a strongly  regular  graph  with  parameters 
(3,  0,  1,  10)  . The  2-class  association  scheme  defined  by  the 
Petersen  graph  has  parameters: 


\ = 3 , 

hi-0  ■ 

1 P 

P21  ~ 2 * 

4 -2 

n2  = 6 , 

2 , 

P22  " 3 • 

P22  = ^ j 

4 -1 

1 

2 

v = 10  , 

Pl2  = 2 , 

P12  = 2 ' 

3 


\ 


The  term,  strongly  regular  graph,  was  introduced  by  Bose  [U]  in 
1963.  However,  the  strongly  regular  graph  as  a structure  has  been 
studied  extensively  for  the  last  twenty  years  and  some  deep  results 
are  established.  Much  less  is  known  about  association  schemes  of 
higher  order. 


§2.  Association  schemes  of  higher  order 

Despite  the  lack  of  results  concerning  schemes  of  higher  order, 
there  are  some  very  simple  ways  to  construct  examples.  The  following 
two  constructions  show  that  there  exist  m-class  association  schemes 
for  all  positive  integers  m . 

Proposition  1.1  Given  a set  of  n elements,  let  X be  the  set 
of  all  m-subsets  where  m < n . If  G^  is  the  set  of  unordered 
pairs  {M,N)  where  M,  N { X and  |M  D Hi  = m - i , then 
S = (G^,  . ..,  Gffl)  defines  an  m-class  association  scheme. 

Proof.  Clearly  S is  a partition  of  P2(X)  . 


”i  * U - 1)  ("  i “)  • “^a**”*  4 re5UireE 

work.  Consider  sets  A and  B such  that  |A  0 Bl 


a little  more 
= m - i • We 


1 


J 


■ 


wish  to  count  the  number  of  sets  such  that  |A  fi  C | = m - j and 
|B  n Cj  = m - k . Let  us  view  AUBUC  as  the  union  of  disjoint 
sets  V1,  . ..,  as  illustrated  in  the  diagram  below. 


2 V, 


3 m 


Since  A and  B are  i-th  associates,  we  know  that 

IV  UV2!  = IV^  y V^|  = i and  IV^  U V1]  = m - i . Let  us  assume 

that  |V,  | = s . Then  from  the  conditions  on  C we  know  that 

|V2  U V1 1 = a - j , | V1  U V3  j = m - k , |Vg  | = m - j - s , 

|V^ | = m - k - s , and  ]Vg |=s+k+j-m. 

The  elements  of  V,  must  come  from  ARB.  Therefore,  there 

v -K.  -L 


are  (°3  possible  ways  to  form  . The  elements  of  V0  must 
come  from  A \ A Cl  B . Therefore,  there  are  possible 

ways  to  form  Vg  . Similarly  there  are  ^ ^ possibilities 

for  Vo  . Finally,  the  elements  of  Vg  come  from  the  complement 

3 s i N. 

of  A U B . Therefore,  there  are  ( n . f ) possible  ways  t 

\ s + k + j - my 

form  Vg  . Clearly  then,  if  |V1!  = s then  there  are 

fm-i)  ( i > ( i A (n  - m - i '"j 

\ s / \ji  - j - g/  \m  - k - s/  \p  + k + j - m/ 

possible  ways  to  form  C . In  order  to  count  all  possible  C we 


ways  to  form  . Similarly  there  are 


possible 


possibilities 


possible  ways  to 


5 


must  let  s vary  from  o to  m - i • Thus , 


In  particular  this  number  is  independent  of  the  choice  of  sets  A ,B 
with  [A  n B | = m - i . 

Proposition  1.2  Given  a set  of  n elements , let  X be  the  set 
of  all  ordered  m-tuples.  If  is  the  set  of  unordered  pairs 

(A,B|  where  A,  B e X and  A and  B differ  in  exactly  i 
coordinates,  then  S = JG.^,  . ..,  Gm|  defines  an  m-class  association 
scheme . 

Proof.  S is  clearly  a partition  of  P2(X)  . It  can  be  calculated 

. To  calculate  p1  consider  m-tuples 
A and  B which  are  i-th  associates.  A and  B differ  in  i 
coordinates  and  agree  in  m - i coordinates.  We  wish  to  count  all 
m-tuples  C such  that  A and  C differ  in  exactly  j coordinates 
and  B and  C differ  in  exactly  k coordinates.  Let  s be  the 
number  of  coordinates  in  which  A,  B,  and  C all  agree.  We  can 
choose  these  s coordinates  from  the  m - i coordinates  where  A 
and  B agree.  C must  also  agree  with  A in  m - j - s , other 
coordinates.  We  can  choose  these  from  the  i coordinates  where 
A and  B differ.  Similarly,  C must  agree  with  B in  m - k - s 
other  coordinates  to  be  chosen  from  the  i - m + j + s remaining 
coordinates.  We  need  now  only  consider  what  choices  we  have  for 
filling  in  the  coordinates  of  C which  do  not  agree  with 
A and\or  B . What  remains  of  the  m - i coordinates  where  A 


that 


n.  = (n  - I)"*-  ( 

1 ' vm 


6 


and.  B agree  can  be  filled  with  any  of  n - 1 elements  of  X . 
What  remains  of  the  i coordinates  where  A and  B differ  can  be 
filled  with  any  of  n - 2 elements  of  X . Therefore, 


i.  „ fm  - ( i ) fi 

\ s J 


- m + j + s 
m - k - s , 


a b 

(n-1)  3 (n  - 2)  3 


where  a = m - i - s and  b = i-  2m  + 2s+k+j. 
s s 


§3  Association  matrices. 

Given  an  association  scheme , we  can  define  relations 


V V Ri 


m 


on  X as  follows: 


(i)  RQ(x,y)  =1  if  x = y;  RQ(x,y)  = 0 otherwise, 

(ii)  Ri(x,y)  = 1 if  x and  y are  i-th  associates; 

Ri(x>y)  - 0 otherwise. 

If  we  order  the  set  X = (x^,  ...,  x } we  can  then  view  the  relations 
as  matrices. 

Ki  ‘ (ri,»>  ”here  ri,m  ' Ri  (VX m>  • 

Thus  defined,  is  called  an  association  matrix . 

As  an  example  let  us  order  the  vertices  of  the  Petersen  graph. 

1 


8 


The  conditions  on  the  association  scheme  force  conditions  on  the 
association  matrices  as  the  following  theorem  illustrates.  The 
theorem  is  due  to  Bose  and  Mesner  [5]. 

Theorem  1.3  Let  S = }G,  .....  G } he  an  m-class  association 
scheme  with  parameters  v,  n^ , , and  let  Rq,  R^,  . . . , R^ 

be  the  association  matrices  defined  above.  Then 

R = I,  R^,  . . . , Rffi  are  nonzero  symmetric  0-1  matrices  of  order 
v and 

(i)  RQ  + R]_  + • • • + Rjjj  = J , 

(ii)  R.  % - J pJx  Ri  • 

Conversely,  if  we  are  given  nonzero  symmetric  0-1  matrices  of 
order  v with  conditions  (i)  and  (ii),  then  they  are  association 
matrices  of  an  m-class  association  scheme. 

Proof.  Clearly  R^  are  0-1  matrices.  Since 
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R.  (x  ,x  ) = R. (x  ,xt)  , the  R.  are  also  symmetric, 
i f,  m i'  m * 1 

(i)  follows  from  the  fact  that  S is  a partition.  For  each 

pair  fx  ,x  i there  is  exactly  one  i such  that  {x.,x  I e G.  . 

> f m 1 J ' l m ' i 

Therefore,  Ri(Xm,x^)  = 1 for  exactly  one  i . Consider 


R + • • • + R 
o m 


A = (A.  .)  . 


a. . = R (X. ,x . ) + R,  (x. ,x ,)  + ...+  R (x. ,x . ) = 1 for  any 
ij  ovi-’j/  1 v i ' ,r  m v a ' j ' 

choice  of  i and  j . 

The  proof  of  (ii)  is  also  not  difficult.  Consider 


l m 


• - ^,m>  • 

Here  a . 

j£,m 

V 

T Rj 
i = 1 J 

(x  ,x  ) R (: 

/I  X 

\ (Vxm} 

= 1 if  x. 

1 

and  x „ 
l 

are  j-th  as 

and  x are 
m 

k-th  associates;  R. 

J 

(XA}  *k  (x: 

■ . There f ore 

a^  counts 

the  number  of  x € X 

i m 


is  a j-th  associate  of  x and  a k-tb  associate  of  x . We  know, 

jo  in 

g 

however,  that  p.,  is  the  number  of  x e X such  that  x is  a j-th 

associate  of  y and  x is  a k-th  associate  of  z where  y and  z 

are  s-th  associates.  We  can,  therefore,  write  a.  in  terms  of 

’ to 

p\.'s  , namely,  a = E p®,  R (x.,x  ) . All  the  terms  in  this 
jk  m ^ jk  s jo  in 

sum  are  zero  except  for  the  s-th  term  where  x„  and  x are  s-th 

a m 

associates. 

For  the  converse  part  of  the  theorem,  suppose  that  we  are  given 

nonzero  symmetric  0-1  matrices  R = I , R, , . . . , R of  order 

o ' 1 m 

v satisfying  (i)  and  (ii)  above.  Let  X = jx^ ,x^ , . . . ,x^ ] and  let 
be  the  set  of  unordered  pairs  (x^ , x^|  such  that  the 
(j,k)-entry  of  R.  is  L . Then  it  is  easy  to  check  that 
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S - (g^ , G } is  an  m-class  association  scheme  on  X , and  0 

clearly  has  ]<  I,  l<±,  Rm  as  its  association  matrices . 

In  working  with  association  schemes,  it  is  often  easier  to 
translate  conditions  on  the  scheme  to  conditions  on  the  association 
matrices  and  proceed  from  there. 


C MAPPER  II 


parameters  v,  n.  , p ; i,j,k  =1,2 

1 JK 


PARAMETERS 

§1.  Parameters  of  2-class  association  schemes. 

In  Chapter  1 we  defined  a strongly  regular  graph  with  parameters 
2 

(nl,  p^,  p£^,  v)  to  be  G^  of  a 2-class  association  scheme  witn 

The  following  proposition  proves 
that  strongly  regular  graphs  are  well  defined. 

Given  a set  X and  a partition  S = |G^,  of  P^,(X)  , 

we  will  let  p.v(x,y)  denote  the  number  of  z e X such  that 

-sLK__- 

(x,zl  e G.  and  I y,z{  e G.  for  x y € X . In  the  statement  of  the 
J k 

next  proposition  and  in  the  statement  of  later  propositions  we  will 

abbreviate  the  statement,  "there  exists  an  integer  p1,  such  that 

sk 

p (x,y)  = p1,  whenever  x and  y are  i-th  associates,"  and  simply 
Ok  Ok 

say  "p1,  exists" . 

Jk 

Proposition  2.1  Given  a set  X = (x^,  ...,  x^,l  let 
S = |G^ , be  a partition  of  P2(x)  with  G^  and  G^  regular. 

Then  S is  a 2-class  association  scheme  if  p^i  and  p^  exist. 


Proof.  Let  A = (a 

..  . ) where 

a. . = 1 if 
ij 

'V  xj 

] e G^  and 

a. . =0  otherwise . 
ij 

Let  B = 

= (b. . ) where 
10 

b.  . = 1 

if 

!x. , x 1 e G?  and 

b.  . = 0 

10 

otherwise . A 

and  B 

are  clearly  0-1 

matrices.  We  know 

{x.  , x . ] 

' i J ■ 

e G^  implies 

(x . , X. 

0 i 

| e G.  , therefore , 
K 

11 


12 


A and  U arc  symmetric.  Also,  since  3 partitions 

P.,(X),  A + B + I - J . Furthermore,  if  n^  iu  the  valence  of  , 

and  ng  is  the  valence  of  Gg  then  AJ  = JA  - n^  J and 

BJ  = JB  = n,_,J  . If  the  set  jaA  + bB  + cl  | a , b , c c R1  of  all 

linear  combinations  of  A. , B,  I with  real  coefficients  is  closed  under 

multiplication,  then  A.  and  B satisfy  the  conditions  of  Theorem  1.3 

and  are,  therefore,  association  matrices  of  a 2-class  association 

scheme . 

1 2 

We  have  integers  and  p^  , therefore , 

2 1 2 

A = p^  A + Pjj^  B + n^  I . But  A + B + I = J implies 
? 

A = AJ  - AB  - AI  = n^J  - AB  - A . Therefore,  AB  is  a linear 

combination  of  A,  B,  and  I and  is  symmetric.  Thus,  AB  = BA  and 

2 

BA  is  a linear  combination  of  A,  B,  and  I . Only  B is  left. 

2 2 
But  B = BJ  - BA  - BI  = n2J  - BA  - B . Therefore,  B is  a linear 

combination  of  A , B , and  I . 

Using  the  properties  of  association  schemes , it  is  possible  to 
establish  relationships  between  the  parameters. 

Proposition  2.2  Let  S = jG^,  Gg  j be  a 2-class  association 
scheme  on  X . Then, 


(i) 

nl  ■* 

• n2  + 

1 = V 

(ii) 

1 

P12 

1 

" P21 

2 

' p12 

(iii) 

1 

P12 

:n!  ■ 

1 

' P11 

(iv) 

2 

p12 

= ni . 

2 

' P11 

(v) 

1 

P22 

= v - 

2n,  + 

P21  ' 
1 , 


1 

?11  ’ 
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2 2 

(vi)  P22  = v - 2nx  + Pn  - 2 , 

/ • • \ 1 2 1 2 

(vii)  P-j  p *“  9 ^22  ^2  ^12  9 

o 2. 

(viii)  (v  - n1  - 1)  = n1  (n1  - 1 - p^)  . 

2 

Proof . (i)  A + B + I = J implies  AJ  ■+•  3J"  + IJ"  = J"  y implies 

nl  J + n2  J + J = V J 9 nl  + n2  + 1 = v • 

12  12 

(ii)  AB  = BA  implies  p^,  A + p^2  B = p21  A + p£1  B2  , 

. • 1 1 , 2 2 

implies  p12  - p21  and  pip  = p?1  • 


p12  P21  ’ 


2 1 2 

(iii)  and  (iv)  A = A + p^  B + nn  I and 


2 12 
A = AJ  - AB  - A = (nx  - p12  - 1)  A + (r^  - p^)  B + I imply 

1 1 . . 2 2 

P11  * nl  " p12  ' 1 and  P11  = nl  P12  ‘ 


2 1 2 

(v)  and  (vi)  B = P22  A + p22  B + n2  I and 

2 12 
B = n0  J - AB  - B = n2  A + n2  B + n2  I - p^  A - p12  B - B . 

Therefore,  p2Q  = n2  “ P^2  = v “ 1 “ n]_  _ (n-]_  “ P^  " = 

2 2 2 
V - 2n1  + Pu  and  pg2  = ng  - p12  - 1 = v - 1 - - (nx  - p^) 


v - 2n1  + p.^  - 2 . 


(vii)  A(AB)  = A(p^  A + p^2  B)  = p^  (p^  A + P^  B + n±  I)  h 
P12  ^P12  A + pi2  B)  • A2  B = (pdx  A + p2x  B + n±  I)  B = 

P11  AB  + P11  B2  + nx  B = pdx  (pd2  A + p22  B)  + p2x  (p22  A + p22  B 
+ n?  I)  + n1  B . Since  A (AB)  = (AA)B  we  can  equate  the  co- 


1 

2 

1 ’ P12 

nl  = P12 

1 

2 

^ P22 

- n2  p^ 
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(viii)  Since  a,  pn  - n1  p^  , (v  - «1  - l)  - 

n1  (n1  - 1 - p^x)  by  (i)  and.  (iii)  . 

From  Proposition  2.2  we  can  conclude  that  there  are  at  most  three 
independent  parameters,  v,  n^ , p^  . In  addition,  these  three 
parameters  must  satisfy  some  easily  checked  conditions. 

Proposition  2 ■ 3 If  S = |G^,  Gg  | is  a 2-class  association 
scheme  then 

(i)  G^  has  ^ v n]_  triangles, 

(ii)  vn1  --  0 (2)  , 

(iii)  vnx  = 0 (3)  . 

Proof,  (i)  We  wish  to  count  triangles  of  the  form 


There  are  v choices  for  a,  then  n^  choices  for  b,  then  p£^ 

choices  for  c . But  then,  we  have  counted  each  set  |a,b,c|  6 times. 

vnx 

(ii)  Since  G^  is  regular  |G-^|  = -g—  . 

(iii)  vn^  = 0 (3)  since  ^ vn^  p^  is  an  integer. 

In  the  case  of  2-class  association  schemes , therefore , we  have 

reduced  the  problem  considerably.  Given  a scheme  we  need  only  check 
1 2 

2 parameters  p^  and  p^  to  be  sure  it  is  a 2-class  association 
scheme.  Furthermore,  in  determining  possible  parameter  sets  we  need 
only  consider  choices  for  v,  n^,  and  p^  , and  these  are  limited 


by  Proposition  2.3  • 
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$2.  Sufficient  conditions  for  the  existence  of  a 3-class  association 
scheme . 

The  following  proposition  is  analogous  to  Proposition  2.1. 
Proposition  2.'.  Given  a set  X - |x^,  Xg,  . . . , x | !«'• 

S = iG,  , G,, , G_  1 be  a partition  of  Pn(x)  with  G,  , G„ , ana  G0 

Jl  d d ± d J 

regular.  Then  S is  a 3-class  association  scheme  if  there  exist 

122312313 
integers  f ^22  * P~i  ^ * ^11  ’ ^12  * ^12  * ^*12  * ^22  * ^22  * 

Proof.  Define  matrices  A and  B in  Proposition  2.1.  Define 

C = (c.  .)  where  c.  . = 1 if  |x.  , x.)  e G-.  and  c.  . =0  otherwise. 

v ij  ij  1 J ' 3 ij 

Clearly  A,  B,  C are  0-1  matrices  and  are  symmetric.  Since 

S is  a partition,  A + B + C + I=  J.  If  the  valences  of  , G2 , 

and  G.,  are  n^ , n^ , n^  respectively,  then  AJ  = JA  = n^J  , 

BJ  — JB  — J , CJ  — JC  = n ^ J • 

If  JaA  + bB  + cC  + dl  I a^b , c,  d e R}  is  closed  under 

multiplication  then  A,  B,  C satisfy  the  conditions  of  Theorem  1.3 

and  are  the  association  matrices  of  a 3-class  association  scheme . We 

2 2 

can  prove  closure  by  showing  that  A , B , and  AB  are  linear 

combinations  of  A,  B,  C,  and  I . The  rest  then  follows  using 

2 12  3 

A + B + C + I = J . But,  by  hypothesis  A = p^A  + p^B  + p^C  + n^  I, 

2 12  3 12  3 

B = p22A  + p22B  + p22C  + n2  I , and  AB  = p12A  + p12B  + p^C  . 

This  result  has  been  observed  by  Laskar  [10]  . 

We  can  prove  that  the  existence  of  the  9 parameters  is  necessary 


by  displaying  nonschemes  with  just  one  of  the  9 missing.  For  example: 
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a b 


e d 

a ■ " « b 


S = jG^,  G^|  is  not  a 3 class  association  scheme  because 

p12  ^a,c)  = 0 and  p12  (a,e)  = 1 but  fa>cl  € G3  and  |a,e]  e • 

In  other  words,  p£g  does  not  exist.  By  checking  we  can  determine 

1223121  3 

that  pi;L,  p22,  pn,  p^,  p12,  p^,  p22  and  P22  do  exist. 

1 2 2 3 1 1 3 
Therefore,  the  existence  of  p1]L,  p22,  p^,  p^,  p^,  pg2,  and  p22 

is  not  sufficient  to  prove  the  existence  of  a 3-class  association 

scheme . 

S3-  Triangle  numbers. 

Given  a set  X and  any  partition  S of  P2(X)  , define  a 
triangle  in  S to  be  an  unordered  triple  fx,  y,  z)  where  x,  y,  z 
are  distinct  elements  of  X . If  S = (G-^,  Gg,  G^t  there  are  ten 
different  kinds  of  triangles  that  can  occur,  with  respect  to  S . 


2 3 2 ] 


i 

1 

i 

:i 

i 

i 


1 
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In  this  geometric  representation  of  a triangle  the  3 vertices 
represent  the  3 elements  of  X in  the  triple  and  the  edges 
represent  elements  of  P2(X)  . Let  be  the  number  of  triangles 

of  the  form  iy^k  . Call  T\jk  the  (i,  j,  k)  - triangle  number, 

j 

The  order  of  the  i,  j,  k is  not  important. 

Proposition  2.5  Given  a 3-class  association  scheme  on  a set  X 
the  following  hold: 

(i)  Tm  = | vn2  p^ 

(ii ) T222  = £ vn2  p22 

(iii)  T333  = g p^3 

(iv)  = vi^  p23  = vng  p13  = vn3  p^ 

/Am  1 2 11 

(v)  T112  - 2 vrig  pix  2 vnx  p12 

(vi)  Tn3  = J to3  pu  = 2 "^l  P13 

(vii)  T221  = 2 vn^  p22  = ^ vn2  p^ 

(viii)  T223  = 2 ^3  p22  = 2 ^2  P23 

(ix)  ^331  ~ 2 ^'l  p33  — 2 1/71 3 pi3 

(x)  ^332  2 ^2  p33  2 ^^3  ^23 
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Proof,  (i)  - (iii)  We  can  count  all  triangleB  of  the  form 


by  counting  the  sets  |x,  y,  z|  . There  are  v choices  for  x , 

n.  choices  for  y,  and  p*!.  choices  for  z . We  have,  thus,  counted 
j 0*3 

each  set  (x,  y,  zl  6 times. 

1 ' *7 

(iv)  Count  triangles  of  the  form 


A 1 

x * Jy 


in  3 different 


ways.  There  are  v choices  for  x,  n^  choices  for  y and  P2^ 

1 


choices  for  z . Therefore  T^  = vi^  P2^ 


We  can  also  start  with 


y . There  are  v choices  for  y,  n2  choices  for  z and  p 


choices  for  x 


'13 


^123  = ''m2  P13  * Thirdly,  we  can  calculate  T123 


by  starting  with  z . There  are  v choices  for  z , n^  choices 

3 3 

for  x,  and  p^  choices  for  y . T^  = vtk  p12  . 

(v)  - (x)  . We  can  count  triangles  of  th  form 

x L — \ y 


in  2 different  ways.  There  are  v choices  for  x , n^  choices  for 

y and  p^  choices  for  z . Since  x and  y are  interchangeable 

1 k 

we  have  counted  each  triangle  twice.  Tiik  = ^ vn^  p^  . We  can  also 
start  with  y . There  are  v choices  for  y , n^  choices  for  z , 
and  p^k  choices  for  X . Tiik  = ^ vni  p*k  . 

Define  an  li  ,.i  1 - angle  to  be  a pair  (fx,y|  , z)  where 
x,  y,  z e X , x and  z are  i-th  associates,  and  y and  z are 
j-th  associates.  Let  A. . be  the  number  of  (i,j|  - angles  in  a 
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scheme.  Note  that  A^j  = . 

Proposition  2.6  Given  a set  X = fx^,  . ..,  x^j  and  a partition 
S = |G1}  Gg,  G^|  of  P2(X)  such  that  G^ , G2,  and  G^  are  regular 
of  degrees  n^,  n2,  n^  respectively,  then: 

(l)  Tm  + T222  + T333  + T112  + T113  + T221  + T223  + T331 


+ t332  + t123 


(3)  , 


(11)  3T1U  + Tn2  + T113  2 v11!  (nx  “ 1)  > 

(iii)  3T222  + T221  + T223  = | vn2  (ng  - 1)  , 

(iv)  3T333  + T331  + T332  = g to3  (n3  " 1)  * 


(v) 


2T112  + 2T221  + T123  “ ^1  n2  * 


(vi)  2Tli3  + 2T33i  + Ti23  ^ n3  * 

(vii ) 2T223  + 2T332  + T123  = vr^  n3  . 

Proof,  (i)  This  follows  since  S is  a partition  of  a complete  graph. 

(ii)  We  can  find  A^  is  2 ways.  Counting  ( (x,  y),  z)  there 

are  v ways  to  choose  x,  n^  ways  to  choose  z and  (n^  - 1)  ways 

to  choose  y . We  have  counted  each  pair  twice  so  A^  = ^ vn^  (n^-l). 
Also  x and  y can  be  1-st  associates,  2-nd  associates  or 
3-rd  associates.  Therefore,  A^  = 3Tn -p  + ^112  + ^113  * 


(iii) 

Find 

A22 

in  2 different 

ways. 

(iv) 

Find 

A33 

in  2 different 

ways. 

(v)  - 

(viii) 

We 

can  count  A . . 

ij 

in  2 different 

ways . 

Count 

z)  . 

There 

are 

v choices  for 

x,  n^  choices 

for  z 

, and 

:• - - 


n.  choices  for  y . A.  . = vn.  n.  . Also  Ji,j)  angles  appear  twice 
J i j 

in  |i,  i,  j I - triangles  and  once  in  |i,  J , k|  triangles.  Therefore 

A. , = 2T  ...  + 2T.  . . + T.  ..  . 
ij  nj  1JJ  ijk 

§4.  More  useful  relationships  among  parameters. 

Proposition  2.7  Given  a 3-class  association  scheme , then 

,.  V 11  12  13  1/1  ,-1 

(i)  PX1  P22  + P12  p22  + P13  p22  = P12  ^P12  " ^ 

+ P22  (P ^ + p23  ^p12  _ ^ ’ 

11  12  13  11  12 

(ii)  Pn  P23  + P^  P23  + P13  p23  ~ p13  p12  + P23  P12 

1 3 

+ P33  P12  • 

Proof,  (i)  Fix  x,  y c X such  that  R^  (x,y)  = 1 . Count  all  pairs 
(a,b)  such  that  Rn  (a,x)  =1,  fL  (a,b)  = 1 and  R~  (b,y)  = 1 . 

_L  c.  c. 


Geometrically,  we  have  a rectangle  a 

1 


b . We  can  count  the 
2 
y 


pairs  (a,b)  in  2 different  ways.  First,  R^  (x,b)  =1  or 
Rg  (x,b)  =1  or  R^  (x,b)  = 1 . Thus  we  get  p^  (p^2  - l) 

+ P22  (P^  " 1)  + P32  (pl2  - ^ ‘ similarly  (a,y)  = 1 or 


1 1 


Rg  (a  ,y)  =1  or  R^  (a  ,y)  = 1 . In  this  way  we  get  p^  p; 


12  13 

+ P^  P22  + P13  P22 


(ii)  Fix  x,  y € X such  that  R^  (x,y)  = 1 . Now  count  the 
pairs  (a ,b)  such  that  R^  (a ,x)  = 1 , Rg  (a,b)  = 1,  and 

R0  (b,y)  = 1 . Geometrically,  we  have  a rectangle  a 1 ; b . 


x 
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Counting  the  number  of  rectangles  in  2 different  ways  we  establish  the 
equality. 

Equations  (i)  and  (ii)  of  Proposition  2.7  are  two  cases  of  a 
more  general  family  of  relations  that  hold  for  parameters  of  m-class 
schemes.  These  were  noticed  by  [5]  and  we  give  a proof  using  the 
association  matrices. 

Theorem  2.8  Let  S = |G1 , . • • , Gml  be  an  m-class  association 
scheme  with  association  matrices  Rq,  R^>  • ••,  • Then  for 

0<i,  j,k,t<m 


3 Pjk  Psi  " l Pij  Psk  * 


Proof.  We  know  Ri  (R • \)  = Rj ) \ • Then  using  (ii)  from 


Theorem  1.3  we  get 

Ki  j 4 »3  ■ <1 Rs)  “k  - 


I Pjk  «SRi  ■ | PiJ  SB  “k  ' 


s 


s 


S Pjk  | psi  Rt  ‘ l p«  r p"  R 
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Therefore,  T PJk  P3i  = J P^  Pek  * 

If  we  write  the  equalities  of  Proposition  2.7  in  terms  of  triangle 
numbers  we  get: 

(i)  12n2  n3  Tm  T221  + 12^  n3  T^  T222  + ^ ng  T113  T223  = 

4n2  n3  *112  + S n3  T221  - nl  n2  n3  V (vnl  n2)  + nl  T123  ' 


22 


(ii)  6n2  T^  + hn1  n3  Tn2  T223  + 4nl  n2  T113  T332 


4n2  n3  T113  T112  + 2nl  n3  T123  T221  + 2ni  °2  T331  T123  * 

Of  the  10  triangle  numbers  we  can  get  6 of  them  dependent  on 


Llll’ 


T222’  T 333 > th2  usinS  Proposition  2.5.  In  terms  of  the  p^ 


0* 


12  3 2 

this  means  , p22>  P^y  and  P-q  determine  all  others.  Further- 

2 

more  , using  Proposition  2.7  we  can  get  p1 1 as  a quadratic  in  terns 

12  3 12  3 

°f  Pn,  P22,  and  p^  . Thus,  given  p.^,  p22,  and  p^  , there 

2 

are  only  2 possibilities  for  p^  . 

The  following  is  a list  of  parameters  expressed  in  terms  of 

12  3 ^ 2 

^1  > a2 , , P^i , Pp2  > P33  > and  P-^  ^ • 

, 1 n2  2 
1#  pi2  = ^ Pn 

2-  P12  = 3^  (n3  - n3  n2  - nx  n3  - n3  - n 

- n2  + n2  - n;L  - nx  p^  + 2^  rig)  - p^ 


3 p33  + n2  " n2  p22 
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2 1 2 
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7.  P33  = n3  - n2  - \ + 1 + + 3^-  (3^  + - n3  n2  - n;L  n 


q q q 2 2 2 X 

n3  - n-3  p3  + n2  - n2  p22  - n2  + ^ ^ p^  + 2^  n2) 


_ 1 ,12  2 
6.  p13  = nx  - 1 - P]L1  - - - 


9*  P23  = n2  " ^ ^n3  n3  n2  " ”1  n3  " n3  ‘ n3  p33  + n2 

' "2  p22  - "2  + nl  - nl  ' nl  P11  + 2nl  n2)  ’ 

10.  p13  = “i  ‘ 3^  (n3  “ n3  n2  ' ni  n3  " n3  " n3  p33  + n2 

- n2  P22  " n2  " "l  " nl  nl  P11  + 2nl  n2^  ’ 


3 _ 1 


11 ' p12  " 3n3  ^nl  n2  “ n3  + n3  n2  + n]_  n3  + n3  + "3  P33  " n2 

2 2 1 
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3^  v 3 3 


_ n3  P4  + 4 ~ n2  P22  - n2  + 4 - nl  ~ nl  P11  + 2nl  n2} 

i3.  p^  = n1  - (r^  n2  - n3  + n3  + ci±  n3  + n3  p33  - n2 

+ "2  4 + n2  + 2nl  + n3  ' 2nl  - ^2  P11  " 2nl  Pll}  » 

Ik.  p23  = n2  - ( - 2n2  + 2n3  n2  + 2n1  n3  + 2n3  + 2n3  p33 

2 2 1 2 

+ ^ - n2  ” 2ni  + 2^  + 2n1  pxl  - nx  + 3n2  p^ 

2 v 

" n2  P22  * 

Suppose,  for  example,  =10,  n2  =10,  n3  =21,  pii  = 3> 
p22  = 5,  ^ = 0 • Then, 


2b 


P1 2 P11 
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P12 

2 

1 


pi3  - 6 • p 


li 


pi2  10  " pn 


2 

?u 

2 


p23  -° 


P22  10  ‘ P11 


p13  * ° 


3 20  10  _2 
Paa  " *-» 


^22 


21  P11 


3 20  10  2 

p13  7 + 21  P11 


3 20  10  2 


■11 


21  P11 


P3  = 32  _ 10  2 

Von  n 21  “^11 


2 or_  2 

p33  27  “ P 


-23 

,3 


11 


K12 


7 
= 0 


1 n,  2 

p33  lU  + PH 
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Using  equality  (i)  of  Proposition  2.7  we  get 

2 

21  'PH'  7 ■rll  ' 7 “ ' *11 


52  , 2 v2  104  2 2^0  A 2 ^ ^ 

oT  (Pn  ) n Pn  + n~  ~ 0 • Pn  ~ ° 18  the  only  integral  root. 
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In  this  case,  eiven  n,  . n„  . n_  . n. _ , t> — , p„„  there  is  only  one 

- x y -xx-  -jo 

2 

possibility  for  p^ . I4:  odd  seem,  however,  that  the  quadratic 


in  p^  could  have  2 integral  roots . To  avoid  this  situation  we 


could  choose  a different  set  of  independent  parameters . 


Using  previously  obtained  relationships  we  can  express  all 

2 


i 112- 

Pjk  in  terms  of  n^  n2,  n^,  p^,  p22,  p^,  pg2  as  follows: 


n, 


1. 


2 _2 
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n. 
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Then  using  (i)  of  Proposition  2.7,  we  can  obtain  an  equation  for 

12  2 x 1 A 

P11  in  terms  of  nl*  n2’  n3J  P22  ’ pu'  P22  ' Namely’  P11  = B 


where 


n„n,  0 nn  n I*-,  x ^ 
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2 n. 
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H^(pu>  — pu 
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(nl)  n1  n 


+ “n^  ^ ' n3  P11  + n3  P22  ‘ n3  P22 

22  ^2  , 2 2 ,1  x2 

‘ P1I  P22  ' nl  + nx  ^11/  + ^ j2  P22 

n2  2 2 ^nl)3  1 K)2  1 . 
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If  B f 0 then  we  can  find  given  n^  r^,  n.^,  P22,  p^, 


and 

2 

P22  * 

For  example , suppose 

2 

P22 

•V 

O 

II 

2 . 1 

Pu  = 0 , and  p22  = 

1 

Pn 

= 2 . 

However,  suppose  n^ 

CM 

1 

= 1 j 

arid  p22  = 0 . Then 

determine  p^  using  the  above  equation. 

The  parameter  problem,  therefore,  can  be  reduced.  From  3 n's 

and  27  p1  ' s we  can  get  down  to  at  most  3 n's  and  3 

independent  p^,  's  . The  problem  is  still,  however,  much  more 
Jit 

complex  than  in  the  case  of  2-class  association  schemes. 
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CHAPTER  III 

CONSTRUCTING  3 -CLASS  ASSOCIATION  SCHEMES 
§1.  Constructing  3-class  association  schemes  from  strongly  regular 
graphs . 

Proposition  3.1  Let  A.,  ...,  A^  be  m strongly  regular 
graphs  defined  on  points  • ••>  X^  respectively  and  with  the  same 

parameters  (n1>P^1>P^1>v) • Then  ^ can  define  a 3-class  association 
scheme  on  a set  X as  follows : 

(i)  X = X1(JX20  ...0  Xta  , 

(ii)  R (x,y)  = 1 for  x,  y € X if  and  only  if  {x,y}  £ A± 
for  same  i=l, 

(iii)  R^Xjy)  = 1 for  x,y  £ X if  and  only  if  x,y  £ for 
some  i=l>  ...,m  and  {x,y}  £ A^, 

(iv)  R^(x,y)  = 1 for  x,y  € X if  and  only  if  and 

y€X.  for  i / j. 

J 

Proof.  We  can  explicitly  display  the  12  necessary  parameters  of  the 

3-class  association  scheme  in  terms  of  the  parameters  of  the  strongly 

regular  graphs.  By  theorem  2.L  we  need  only  show  that  we  have  a part' 

1 2 2 3 1 2 3 

ition  of  P2(x)  into  regular  graphs  and  P11>P22'pn,pll'P12,p12,P12 

1 3 

P22  and  p gg  exist. 

Let  - distinguish  the  parameters  of  the  3-class  association 
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2d 


scheme.  Clearly  p^  = p1  for  i,j,k  *=  1,2  . Also  n.  = n for 
Jk  Jk  11 

i = 1,2  . In  addition,  it  is  not  difficult  to  see  that  the  following 


triangles  do  not  appear: 


If  {a,c}  € A.  and  {b,c}  € A , then  clearly  a,b,c  € X.  . 

Similarly,  if  {a,c}  € A^  and  b f X.  then  R^(a,b)  4 1*  Lastly, 
if  a,c  f Xi  and  c,b  € Xj  then  i = j and  a,b,c  € X^^  . Thus 

Ro(a»b)  4 

— 3 — 3 — 3 

Because  the  3 triangles  above  do  not  exist  p-,  1 = p-,  p = Pg2  = 0* 
Since  v = mv  and  n^  = (m-l)v  we  have  calculated  all  necessary 
parameters . 

Proposition  3.2  Given  a 3-class  association  scheme  on  a set 
X such  that  T.^  = T^  = Tg^  = 0 then  the  scheme  can  be  cons- 
tructed from  strongly  regular  graphs  by  the  method  of  Proposition  3.1. 
Proof.  Define  a relation  M on  X . M(x,y)  =>  1 if  and  only  if 
R^Cxjy)  = 0*  Then  M is  an  equivalence  relation  M(x,x)  = 1, 

M(x,y)  = M(y,x),  and  if  M(x,y)  « 1 and  M(y,z)  = 1 then  M(x,z)  = 1. 


Otherwise,  we  would  have 


for  i 4 3 and  j 4 3 • 


Therefore,  M partitions  X into  equivalence  classes  say 


Xx,  and  lxi|  = n1  + n2  + 1 . Also,  {z|ri(x,z)  = l)  c Xi 

for  all  x € Xi  and  {zjRg^z)  = 1}  C X^^  for  all  x € XA  . 


Therefore,  we  can  form  strongly  regular  graphs  A^,  . . • ,Affi  on  sets 


X^,  ...,Xm  respectively. 
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Proposition  3«  3 Let  S = tG;L>G2^  be  a 2-class  association 
scheme  on  X . We  can  construct  a 3-class  association  scheme 
S - COi,G2,G3}  on  a set  X as  follows: 

(i)  replace  every  x € X by  a set  of  m elements 

fx^,  for  some  fixed  m to  form  X, 

(ii)  if  {x,y}  € G,  then  [x.  ,y  } € G-j^  for  all  i,j=l, 

(iii)  if  {x,y}  € G2  then  {x^y^}  € G2  ^or  011 

(iv)  G3  is  the  union  of  complete  graphs  on  each  set 

{Xl,  * * * ,xm^  * 

Proof.  By  Proposition  2.h  we  need  only  show  that  we  have  a partition 

1 2 2 3 1 2 

of  Pg(x)  into  regular  graphs  and  integers  P;]j^P22,pil'pll,p12,P12' 
P12’4>’P22  exiSt* 

Let  - denote  the  parameters  of  the  S-class  association  scheme. 
Clearly,  v = mv,  n^  = mn^,  and  n2  = mx^  . Similarly,  pjk  = m Pjk 
for  i,j,k  = 1,2  . 

To  calculate  p^,  p^,  and  p|2  consider  a,b  € X such 

that  {a,b}  € Gy  This  implies  that  a and  b come  from  the  same 

—3  —3 

x € X in  the  2-class  scheme.  Therefore,  P12=  0,  p^  = mn^,  and 
p22  " * FinaU^  since  G3  is  the  union  of  complete  graphs  on 

m elements,  n3=  ra-1. 

It  is  interesting  to  note  that  the  following  3 types  of  tri- 


angles do  not  occur  in  these  schemes. 

c 


& A 
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Since  {a,c"5  € G^  and  {b,c}  ^ G^  a/b>c  mast  come  frcm  the  same 
x f X and  therefore,  {a,b“|  f.  • We  have  already  shown  that 


Proposition  Given  a 3-class  association  scheme 
S = {G1,G2,G3}  on  a set  X with  1^=  = T^  = 0,  then  the 

scheme  can  be  constructed  from  a two-class  scheme  by  the  construction 
of  Proposition  3»3» 

Proof.  Define  a relation  M on  X . M(x,y)  =1  if  and  only  if 
R^(x,y)  o 1 or  x = y . Then  H is  an  equi valence  relation. 

M(x,x)  = 1,  M(x,y)  = M(y,x),  and  if  M(x,y)  = 1 and  M(y,z)  = 1 
then  M(x,z)  = 1.  Otherwise,  Ti33  4 0 for  some  i 4 3 • 

Therefore,  M partitions  X into  equivalence  classes  of  order 
n^+l  . If  M(x,x‘ ) = 1 then  {z|r^(x,z)  = 1 } = (zjil(x!,z)  = l] 
for  all  i . Clearly,  it  is  true  for  i = 3 by  definition  of  M . 

For  i = 2,  if  it  is  not  true  there  exists  a z € X such  that 
R2(x/z)  = 1 and  R^{x'  ,z)  4 1 • Therefore,  R-^x'  ,z)  = 1 and 

T123  ^ 0 * Similarly>  for  i = 1 . 

Therefore,  we  can  replace  each  equivalence  class  by  one  element 

x and  the  associations  will  still  be  well  defined. 

Since  a great  deal  is  known  about  2-class  schemes  these  two 

constructions  are  helpful  in  constructing  3-class  schemes.  We  shall, 

however,  eliminate  from  further  discussions  some  schemes  which  appear 

to  be  of  little  interest  due  to  their  trivial  nature.  Given  a 

2 1 

2-class  association  scheme  with  p1 1 ■ 0 or  p^  = 0 we  shall 
call  it  trivial. 
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If  0 then  is  a union  of  complete  graphs  and  is  not 

connected.  If  p^  = 0 "then  Gg  is  a union  of  complete  graphs. 

We  will  classify  nil  3-class  association  schemes  constructed  from 
trivial  2-class  {Association  schemes  by  the  methods  of  Proposition 
3.1  or  3*3  as  trivial  3-class  association  schemes. 

It  may  be  worthwhile  to  note  that  all  trivial  3-class  associa- 
tion schemes  can  be  obtained  using  a construction  written  up  by 
Blackwelder  [3]  • 

Proposition  3«5  Given  m = where  > 2 let 

X - {(i^^)  | i.  € (0,1,  . • . -l)  for  j - 1,2,3}  . Define 

G.  = {{x,y}|x,y  € X and  x and  y agree  in  the  first  3-j 

u 

coordinates  and  disagree  in  coordinate  k-j } . Then  S = (G-^;G2  ;G3} 


is  a 3-class  association  scheme. 

Proof.  S is  clearly  a partition  of  Pg(X)  and  we  can  calculate 
nx  o N^-l  , ng  = N3(N2-1),  n3  = N3N2(N1-l). 

Similarly,  we  can  calculate  the  necessary  9 parameters  as 
follows : 

P11  “ N3"2  ' p12  “ 0 # 


A 
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Clearly  T^  = = T^  ■ 0.  Therefore,  the  schemes  are 

constructed  from  2-class  schemes  by  Proposition  3*2.  The  2-class 

2 

schemes  axe  trivial  since  Pjq=  0»  Switching  1 and  3 , 

= T1 1p  = T^22  = 0 • Therefore,  these  schemes  are  also  constructed 

3 1 

from  2-class  schemes  by  Proposition  3.4.  Since  p22  a 0,  p22  = 0 
in  the  2 -class  scheme  and  it  is  therefore  trivial. 


§2.  Constructing  3-class  association  schemes  from  rings. 

Proposition  3.6  Let  R be  a ring  and  U G R*  such  that  U 
is  a group  under  multiplication  and  -1  € U • Then  if  n is  the 
number  of  associate  classes  of  U under  multiplication,  we  can 
define  an  n-1  class  association  scheme  as  follows: 

(i)  Let  SQ,S^,  . •*,Sn_2  be  the  associate  classes  of  U 
where  Sq  = {O'}  and  the  others  are  subscripted  arbit- 
rarily, 

(ii)  let  the  elements  of  R = X, 

(iii)  R^(x,y)  = 1 if  and  only  if  x-y  6 
Proof.  Choose  rQ,  . ..,rn  ± € R such  that  = r^U 
x-y  € implies  y-x  € since  -1  € U . 


Note  that 


We  wish  to  show  that  p^  is  a constant.  Choose  x and  y 

g 

such  that  x-y  f r U . Then  p . . counts  the  number  of  z € R such 
s ij 

that  z-x  € r^U  and  z-y  6 r^U  . Therefore,  z-x^^u^  and 
z-y  = r^Ug  for  some  u^  and  Ug  € U . Also,  x-y  = rgUj  where 
u^€  U . Then  z = r^u^+  x = r^Ug+y  implies  r^u]_+rsu  3 ° rju2  (1)‘ 
Therefore,  p°j  is  the  number  of  ordered  pairs  (u^,Ug)  which  satisfy 
equation  (l)  . 


I 


33 


Suppose  R (x'  ,y'  ) = 1 where  x'  -y'  - r and  p A u.  • Then 
s 6 j j 3 

p°j  is  the  number  of  ordered  pairs  such  that  r^^+r^p^  “ 

rj02  (2). 

To  show  pfl . is  a constant  we  must  show  that  the  number  of 
■LJ 

solutions  for  (l)  is  the  same  as  the  number  of  solutions  for  (2). 

-1  -1 

Since  u^  and  p^€  U there  exists  u^  and  0^  c U • Therefore 
for  each  solution  (u^Ug)  of  (l),  (u^”  P^UgU^-^)  is  a solu_ 
tion  of  (2)  . 

Similarly,  if  (Pi>Pg)  is  a solution  of  (2)  then 
(P1P3"1u3,P2P3"1u3)  is  a solution  of  (l). 

g 

Therefore,  p^  is  a constant. 

§3  Constructing  3-class  association  schemes  from  other  combinatorial 
structures. 

An  orthogonal  array  (N,m,s,t)  of  strength  t is  an  m x N 
rectangular  array  in  N assemblies , with  m constraints,  in  s 
symbols,  such  that  in  any  t-rowed  submatrix  of  the  array  each  of  the 
S^  possible  column  vectors  appears  exactly  X times  where  Xs^=  N. 

X is  called  the  index  of  the  array. 

2 

Proposition  3.7  Suppose  we  have  an  (n  ,p^+&2,n ,2)  orthogonal 

array  where  n,p^,Pg  are  positive  integers  such  that  n > 2 and 

2 

Pl+Pg  < n . Then  let  X be  the  n assemblies.  Define  a partition 
on  P2(X)  as  follows: 

(i)  fx,yl  G,  if  the  columns  corresponding  to  x and  y 

are  alike  in  exactly  one  position  in  the  first  p^  rows. 
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(ii)  {x,y}  f Gg  if  the  columns  corresponding  to  x and  y 
are  alike  in  exactly  one  position  in  the  last  P2  rovra, 

(iii)  fx,y}  € otherwise. 


Then  S = (G^^jG^J  is  a 3-class  association  scheme. 
Proof.  Since  the  array  has  strength  2 and  index  1,  two  columns  are 
alike  in  at  most  one  position.  Therefore,  S is  a partition. 

We  can  determine  explicitly  that  n^  = p^(n-l),n2  = P2(n-l), 

“ P^(n-l)  where  p^  = n + 1 - (P-j+Pg)  • 

Similarly  we  can  determine  the  necessary  9 parameters. 

V1  « n - 2 + (p  -l)(p -2), 

-LJ.  J_ 


P22  “ n - 2 + (p2-l)(P2-2), 

pu  = “A'1'  ’ 

P1 2 “ ’ 


11 


= P,  p. 


r2 


Pil  " ' 


Pia  " p!(pr1}  ' 


P22  — ^2^2"^  * 


4>  ■ • 


This  construction  was  written  up  by  Blackwelder  [3]  • 

An  incidence  structure  is  a triple  (P,B,j)  where  P and  B 
are  disjoint  sets  and  J £ P x B . Elements  p € P are  called 
points  and  elements  b € B are  called  blocks . A point  p and  a 
block  b are  incident  iff  (p,b)  € J . For  any  block  b,  (b)  denotes 
the  set  of  points  incident  with  b . An  (n,k,l)-  symmetric  balanced 
incomplete  block  design  (sbi  bd)  is  an  incidence  structure 


D = (P,B,J)  such  that 
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(i)  |p]  = |B|  = n, 

(ii)  b € B implies  |(b)|  = K, 

(iii)  TCp,  |t|  = 2 implies  there  exists  exactly  X blocks 
b f B with  T C (b)  . 

We  will  need  two  results  in  regard  to  (n,k,X)  - sbibd's  . 

These  may  be  found  in  [9].  First,  if  p € P then  p i3  incident 
with  exactly  k blocks.  Secondly,  given  blocks  b,b ' £ B, 

|(b)  0 (b’)|  «=  X . With  these  two  results  we  can  prove  the  following 
proposition. 

Proposition  3-8  Given  a (n,k,\)  - sbibd.  D = (P,B,J) 
we  can  construct  a 3-class  association  scheme  S = fG^G^jG^}  on 
X as  follows : 

(i)  X = P U B, 

(ii)  fv,w)  € G2  for  v,  w € X if  w,  v f P or  w,  v € B, 

(iii)  fv,w}  € Gg  for  v,w  € X if  v € P,  w € B and  v € (w) 
or  w € P,  v € B and  w € (v), 

(iv)  (v,w)  € G^  for  v,  w € X,  otherwise. 

Proof.  Clearly  S - {G^Gg/G^}  i8  a Partition  of  p200*  We  can 
easily  calculate  v = 2a,  n^  •=  n - 1,  Ug  = k,  and  n^  = n - k 
We  can  also  calculate  the  9 necessary  parameters. 


'll  “ n “ P * P22 

- 0 , 

= ° ' 

i - 0 * pi2 

0 0 , 

Pl2  " k - X> 

3 , 1 

*12  " k * P22 

" X , 

4>  - 0 • 

(n,k,X)  - s b i b d’s  on 

n < 25 

points  have  been  determined 
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(see  [9])  . They  have  parameters  (7,3,l)  , (H, 5,2) , (13,4,1) , (l6, 6,2) , 
(15, 7, 3), (19, 9, *0,(23,11,5), (21,5,1)  and  (25,9,3)  . 


Other  constructions 


The  rest  of  the  constructions  can  be  found  in  an  article  by 
Blackwelder  [3]  • 

Proposition  3»9  Given  n > 6 let  X = { (x^,x2,x^) lx^  4 x2  4 x^  , 
unordered  triples,  x^,Xg,x3  range  from  0 to  n - ll  . Define 
G^  <=  {fx,y}|x,y  € X and  x and  y differ  in  exactly  i coordinates}. 
Then  , S = {G^G^G^}  is  a 3-class  association  scheme. 


Proof.  S is  clearly  a partition  of  Pg(X)  . We  can  calculate  that 


-,\  3(n  - 3)(n  - *0  , (n  - 3)(n  - 4)(n  - 5) 

n1  ■ 3(n  - 3),  n2  = ^ ^ L , and  n = 1 — • 


We  can  also  calculate  the  necessary  9 parameters  as  follows: 

1 . 1 . . ,0  9 


*11  = n - 2 , 

P22  = " 4)“  • 

P12  " 

2 c (n-5)(n+2) 

22  2 ' 

p^2  =■  2(n~b)  , 

P3  - 
P22 

'll  = 4 ’ 

P^2  = 2(n"4)  > 

P11  = 

Proposition  3*10 

Given  n > 2,  let  X = 

f(x1,x2,x3 

9 , 


0 . 


is  ordered  and  x^,Xg,x^  range  from  0 to  n - 1}.  Define 

G.  = {fx,y}|x,y  € X and  x and  y differ  in  exactly  i coordinates}. 


Then  S = {G^jGg^}  is  a 3-class  association  scheme. 


Proof.  Clearly  S is  a partition  of  P0(x)  . We  can  calculate  that 


n1  = 3(n-l),  n2  » 3(n-l)2,  n3  = (n-l)3. 


We  can  also  calculate  the  9 necessary  parameters. 
1 - " P22  “ 2(n-l)(n-2)  , p35  - 3, 


Pn  “ n - 2 ' 


■12 


P22  0 n2-2n+2  , p^  = 2(n-l)  , 


p22  “ 6(n-2)  , 
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■11 


2 , 


p^2  = 2(n-2)  , 


pr.  = o . 


Proposition  3 .11  Given  v = l.n  where  l,n  > 2 , l<rt  X be 
any  set  of  v elements.  Arrange  the  elements  of  X in  £ rows  and 
n columns.  Define  G^  = {{x,y}(x,y  € X and  x and  y are  in  the 
same  row!,  G2  =>  {[x,y}jx,y  € X,  and  x and  y are  in  the  same  column, 
and  G^  = f(x,y}|x,y  € X and  x and  y are  not  in  the  same  row  or 
same  column}.  Then  S = {G-^G^G^}  is  a 3-class  association  scheme. 
Proof.  Clearly  S is  a partition  of  P2(X).  We  can  calculate 
= n-1,  n2  = l-l , and  n^  = (4-l)(n-l)  . 

We  can  also  calculate  the  necessary  9 parameters  as  follows : 


pn  e n ‘ 2 ' 

P22 

o 

ii 

P12 

= 1 > 

4?  c l'2  ' 

1 

P12 

= 0 , 

_3 

P22 

= 0 , 

Pno0  » 

2 

P12 

“ 0 > 

3 

pll 

= 0 . 

1 


CHAPTER  IV 

SUMMARY 

My  original  intention  in  this  study  was  to  determine  all  3-class 

association  schemes  on  a small  number  of  vertices.  This  problem  has 

been  attacked  for  strongly  regular  graphs  with  fairly  complete  results 

being  obtained  [2].  However,  in  the  case  of  3-class  association 

schemes  I was  unable  to  resolve  the  problem  of  parameters.  Where  in 

2-class  association  schemes  there  were  2 parameters,  I could  at  best 

reduce  to  no  less  than  6 parameters.  The  number  of  possible  parameter 

sets  is  thus  much  too  large  to  attempt  to  computationally  reduce . 

I have,  however,  made  a start  on  the  problem.  Besides  reducing 

from  30  to  6 or  7 parameters  we  know  that  some  easily  checked 

12  3 

relations  must  hold,  vn^  p1 1 = vng  P22  5 vn3  P33  s 0(6)  • 

vn1  = vn2  s vn^  = 0(2)  . 

In  addition,  I have  collected  all  known  constructions  whicn  give 

schemes  on  less  than  50  vertices.  In  the  tables  that  follow  I will 

display  sufficient  parameter  sets  to  characterize  these  schemes, 

12  3 2 

namely  v,  n1,  ng,  n , p^,  p22,  p^,  . As  a description  of  one 

example  for  each  set  I have  given  the  proposition  number  of  the 
construction  along  with  necessary  parameters.  I have  not  included  in 
the  table  schemes  constructed  from  Proposition  3*5  as  these  I 

rsP  o -4*  yii'  in'  o 1 ri o +1  ■> ir>o 

wv*  V/J.  M «/*  WUX  • 
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Description 


Description 


Proposition 


Description 


Proposition  3«&  where 


Description 


2 Proposition 


Proposition  3*6  where 


Description 


7 
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